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Functional programming languages include a variety of pattern matching features, including
guarded patterns, active patterns (views), predicate patterns, etc. Certain languages also include
mechanisms for binding names as part of the boolean expressions that appear in if-statement,
while-conditions, or pattern guards. These features are all very useful, yet no mainstream language
supports them all at once. In this work, we present a language that unifies all these constructs. Unlike
in Cheng and Parreaux’ proposal [2024], our typing and evaluation rules are stated directly on the
user-level syntactic constructs (that is, not through an encoding), faithfully following the standard
presentation style; moreover, we do cover pattern disjunction. This paper is intended for language
and compiler designers, as well as for pedagogical purposes. It is focused on expressiveness and
conciseness, leaving out discussions about exhaustiveness checking and compiler optimizations.

1 INTRODUCTION

High-level history of pattern matching. Pattern matching on data structures is a decisive
feature of programming languages, that originates in Edinburgh ML (1973-1975) [Milner
1978]. This feature particularly shines for manipulating tree-based data structures, in
particular abstract syntax trees (ASTs). Pattern matching has been popularized by languages
such as Caml [Leroy and Mauny 1993] (developed since 1985), Standard ML [Milner
1984], Miranda [Turner 1985] and Haskell (released 1990) [Hudak et al. 1992]. It has been
subsequently adopted in Scheme (via macros) [Wright and Cartwright 1994], Scala [Odersky
et al. 2004], F# (released 2005) [Syme et al. 2007a], and Rust [Matsakis and Klock 2014], in
particular.

Improving expressiveness with views. ML patterns allows the programmer to match a value
against explicit data constructors. In their original form, however, they did not support
pattern matching against an abstract data type, whose implementation is hidden to the
client. To reconcile pattern matching with data abstraction, Wadler [1987] introduced the
concept of views. One application of views is the possibility to define the inverse of a smart
constructor, which is a helper function for building a data type. For example, if an AST smart
constructor named trm_and is defined as fun t1 t2 -> trm_if t1 t2 (trm_bool false),
then one can define a view for matching terms of this form inside patterns. If we name
this view trm_and (in a different namespace), then we can write, e.g.:

match t with | trm_and t1 (trm_and t2 t3)-> cont.

Early implementations of views include Miranda [Turner 1985], Scheme [Wright and
Cartwright 1994], Standard ML [Okasaki 1998], and Haskell [Licata and Peyton Jones 2007].
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Views are available under the name extractor in Scala [2025], and active pattern [Erwig
1996] in F# [Syme et al. 2007b].!

Improving expressiveness with guards. The language KRC introduces guards [Turner 1981],
which essentially correspond to OCaml’s when clauses. The Miranda language [Turner
1986] extended the syntax of guards. In 1995, Caml v0.7 introduces the when syntax in
pattern matching. Haskell [Licata and Peyton Jones 2007] (and previously a GHC extension)
generalizes when-clauses with pattern-guards, which take the form pat1 | pat2 <- exp2.
Consider, in a hypothetical syntax: match expl with | (patl | pat2 <- exp2)-> cont.
The continuation cont is executed if exp1 matches pat1 and exp2 matches pat2. The bind-
ings from pat1 scope into exp2, and both the bindings from pat1 and pat2 scope into the
continuation cont. Likewise, the Successor-ML project (2001-2005) presents a pattern-with
construct, written pat1 with pat2 = exp2.

Improving expressiveness of conditionals. The construct if exp is pat then .. else ..
provides an convenient syntax for testing one specific pattern. A typical example is
if (e is Some x)then f x else g.whichappearsinRocq’s SSReflect extension [Gonthier
and Le Roux 2009]. The SSReflect manual indicates that this construct could previously be
found in ML variants such as the p-calculus [Cirstea and Kirchner 2001] or the pattern
calculus [Jay 2004].

A Rust RFC Rust [2025] introduces the if-let construct, which goes further in allowing
to chain pattern matching tests inside conditionals, in the form:

if let patl = expl && let pat2 = exp2 then t1 else t2

where the variables bound by pat1 are available in exp2, and where variables bound both
by pat1 and pat2 are available in the then-branch t1. Note that exp1 and exp2 can evaluate
arbitrary expressions, like with Haskell guards. The authors of the Rust RFC point out
that such patterns have previously appeared in particular in the Unison language [Unison
2025], in Wolfram’s language [2025], as well as in the E-language under the name such-that
pattern [2025]; (these citations point to the reference manuals). The language C# supports
the syntax if expl is patl && exp2 is pat2, yet, as of 2025, the bound variables from
pat1 do not scope into exp2.

In the general form, if b then t1 else t2, we call b a binding-boolean-expression (BBE).
Beyond if-statements, it would also make sense to exploit binding-boolean-expressions in
conditions of while-loops. For example, to iteratively pop and process the elements of a
queue g, one could write: while pop_opt g is Some x do f x done. We are not aware of
existing language supporting this feature.

Improving expressiveness with backtracking. When pushed to the extreme, the ability
to interleave pattern matching evaluation with arbitrary computations, before deciding
whether a branch should be entered, shares similarities with a form of backtracking pattern
matching. Such backtracking mechanisms play a central role in languages from Prolog
family (1972). Backtracking pattern matching can also be useful to implement tactics in

Views can be also be encoded by means of the more general notion of first-class patterns [Jay and Kesner
2009; Tullsen 2000]. An example implementation of first-class patterns is the one provided in OCaml by means
of the source code preprocessor named Ast_pattern [ppxlib 2025].
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interactive theorem provers, as with Rocq’s Ltac [Delahaye 2000]. We are not aware of
languages that includes standard ML-style pattern matching augmented with an explicit
language construct for aborting the execution of a branch, and moving on to the next
available pattern.

Improving readability with nonlinear patterns. Another feature inherited from Prolog-
style languages is the ability to have multiple occurences of same variable in a pattern. For
example, a rewrite rule in Ltac might be: match t with trm_add ?x ?x -> trm_mul 2 x,
where pattern variables are materialized using a question mark. In ML, when only linear
patterns are available, one must write the pattern in the form trm_add x y when x =y,
which severely impedes readability when scaling up to larger examples. Readability can be
improved by means of syntactic sugar, as done for example by Servadei [2017] in a Haskell
extension. A limitation of Prolog-style nonlinear patterns is that they do not make explicit
which comparison function should be used to compare the occurrences; invoking the
default structural equality is not always appropriate. A possibility is to write the pattern
trm_add ?x (eq x), where ?x denotes a pattern variable bound in the rest of the pattern,
and where eq x denotes a partial application of a specific equality operator (e.g. =, ==,
Set.eq, etc.).” This possibility is technically expressible in the pattern language of Cheng
and Parreaux [2024], however the authors do not advertise for this possibility.

Towards a unified presentation. All the aforementioned features are very useful in practice.
Yet, no mainstream programming language supports them all at once. A first attempt
towards a unifying presentation of pattern matching and conditionals has been proposed
by Cheng and Parreaux [2024]. They present a surface language that is based on the
notion of splits. A split consists of a series of branches of the same kind, interspersed with
let-bindings, and optionally ended with a default term. Splits appear in the grammars
of terms, of patterns, and of operators (including “is” and arithmetic operators), which
are mutually recursive. The authors define a core language and explain how to translate
most existing features into that core language. They equip this core language with a type
system. They also provide a compilation scheme towards a lower-level language without
any backtracking construct.

Contribution. The present paper aim to go further in three directions.

(1) We present evaluation rules and typing rules stated directly on the user-level
language. We argue that programmers greatly benefit from understanding the
semantics and the type errors directly in terms of the constructs that they write.

(2) Our user-level language is described by three simple mutually-recursive grammars:
one for terms, one for patterns, and one for binding-boolean-expressions. We believe
that it is conceptually simpler than Cheng and Parreaux’s grammar based on splits,
and closer to the standard presentation of patterns in ML languages.

20n the one hand, one might complain that in trm_add ?x (eq x) breaks the visual symmetry between
the two arguments of trm_add. On the other hand, one might argue that, operationally speaking, the intent is
perfectly clear: the first X is unconditionally “acquired”, whereas the second X is “compared” against the first.
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(3) We include support for pattern disjunction, and for an explicit backtracking con-
struct, called next, from within the continuation of a branch. These two features
were absent from Cheng and Parreaux [2024].

Like Cheng and Parreaux, we present a compilation scheme for eliminating the pattern
language extensions into a tiny core language, easing the task for a compiler implementor
who may wish to integrate the proposed features. We compile our more general construct
next using standard exceptions.

We developed an OCaml-based prototype implementation for typechecking and compil-
ing code written in our unifying language.> Our tool accepts an extended OCaml syntax
as input—technically, valid OCaml syntax with attributes and ad-hoc functions. It can
either perform full typechecking, or only apply a lightweight check to verify that every
variable occurrence has a corresponding binding in scope. It can produce either text-based,
conventional OCaml syntax, or an OCaml parse-tree.

Overall, our prototype can be used in either of two ways:

o either as a standalone tool that parses extended OCaml syntax, performs full type-
checking, then produce a text-based standard OCaml source code;

e or as a PPX extension for OCaml that accepts extended OCaml syntax, performs
lightweight scope verification, then eliminates the extended language constructs,
before the OCaml compiler proceeds with its standard compilation chain.

Either way, at the expense of a slightly verbose syntax, an OCaml programmer can
readily experiment with our extended grammar of pattern matching and binding-boolean-
expressions. Although the prototype implementation is not the central contribution of this
paper, the development of the prototype confirmed that our typing and compilation rules
are straightforward to implement.

Contents of this paper.

e In Section 2, we begin with a presentation of all the core pattern matching features
except backtracking features. We present syntax, typing rules, and evaluation rules.

e In Section 3, we present a construct called next to support explicit backtracking.
We show how to integrate it in the language in a similar way as exit-blocks and its
variants: exit, return, break, and continue. For the backtracking extensions, we
also present syntax, typing rules, and evaluation rules.

e In Section 4, we present a minimal language in which all other features can be
encoded. This core language is aimed for compiler implementers, who can exploit
the encoding to minimize the number of constructs to handle.

o In Section 5, we show how to compile our minimal language, which can express all
features, into a Core-ML language for which we assume traditional conditionals,
pattern matching for testing only a single constructor at a time, and catchable
exceptions.

o In the appendix, we present a preservation-and-progress type soundness proof.

30ur prototype does not currently include compilation schemes for break, continue and return. We have
planned to support these features, which are orthogonal to the main focus of the paper, in the near future.
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Beyond the scope of this paper. This paper does not cover the question of how to inte-
grate optimizations in the process of compiling pattern matching. The reference work
of Maranget [2007] in OCaml remains applicable for simple patterns. However, as soon
as patterns involve the evaluation of arbitrary expressions, a fine-grained effect analysis
would be required to ensure that modifications to the evaluation order are semantics-
preserving. Such analyses might be feasible, e.g., by means of exploiting Rust-style types
or a Separation Logic, but are far beyond the scope of the present paper.

Likewise, this paper does not cover the question of checking exhaustiveness of patterns.
Maranget’s work [2007] provides an efficient procedure for traditional patterns without
any guard. Recent work [Moser et al. 2025] shows how to check exhaustiveness in the
presence of guards that consist of simple boolean expressions, by leveraging SMT solvers.
For similar simple guards, the CFML verification framework [Charguéraud 2011] for OCaml
code supports interactive proofs of exhaustiveness in Rocq. To handle the general case of
arbitrary guards, one would need (1) to equip every function involved in the guard with a
formal specification, and (2) to leverage a sufficiently expressive program logic, adapted to
an expressive language of patterns such as the one presented in this paper. We leave these
investigations to future work.

2 A LANGUAGE WITH BINDING BOOLEAN EXPRESSIONS

In this section, we introduce our A-calculus with binding boolean expressions (BBEs) and
extended patterns, without incorporating backtracking features at this stage. We first
present the syntax and typing rules, then describe the evaluation rules.

2.1 Syntax

Figure 1 presents the grammar of our language. Terms, written ¢, include: variables, num-
bers, primitive functions, n-ary function definitions, n-ary function calls, let-bindings that
may bind a pattern, conditional constructs for testing a BBE, while loops guarded by a
BBE, as well as the switch and match constructs. Data constructors are viewed as primitive
functions. They include # (the unit value), true and false, as well as None and Somewv.
The switch corresponds to a cascade of if-statements, but with its branches presented
in a symmetric way. Each branch is of the form case b then ¢, where b is a BBE and f a
continuation. The match construct correspond to the usual ML pattern matching, and is
merely syntactic sugar for a switch exploiting the is construct.

match t) with | p; > t; | ... | pn =t
= letx =ty in switch | case (xis p;) thent;|...| case (x is p,) then t,

The binding-boolean-expressions (BBE) include: boolean terms, tests of the form “¢ is p”,
as well as conjunction, disjunction and negation operators. Interestingly, in a conjunction
“b1 and b,”, the variables bound by b; scope into b,. As discussed further, our typing rules
require the pattern variables appearing in b; to be disjoint from those appearing in b,. A
disjunction b; or b, binds the variables that are bound both in b; and b,. A negation not b
performs a test but binds no variable.
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| match ty with | p; >t | ... | pn >ty

Binding boolean expressions (BBE)
b:=| t

tisp

bl and bz

b1 or bz

not b

Patterns

\

\

| p1&p:

| pilp2

| -p

| pasx’

| pwhenb

| g

| to (p1s-es Pn)

Fig. 1. Syntax
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variable

integer

primitive function

function definition

function application

let-binding

conditional

loop

symmetric syntax for cascaded ifs
particular case of switch

term of boolean type
matching against a pattern
BBE conjunction

BBE disjunction

BBE negation

pattern variable
wildcard pattern
integer pattern
pattern intersection
pattern disjunction
pattern negation
alias pattern
guarded pattern
predicate pattern
view pattern

The grammar of patterns includes the traditional constructs, namely variables written x’,
wildcard patterns, numbers, alias-pattern written p as x’, as well as intersection, disjunction,
and negation, We next describe the three additional pattern constructs.

The guarded pattern, written p when b, is satisfied by a value v if v matches p and
the BBE b evaluates to true. Importantly, the variables bound by p scope inside b. The
whole pattern p when b binds the variables from both p and b. (Here again, typing rules
enforce disjointness of the pattern variables.) Compared with OCaml’s when-clauses, our
guarded patterns can appear arbitrarily deep inside patterns, moreover the guard is not
just a boolean expression, but a binding boolean expression that may bind variables.
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T :=| (T,...T,) — T, type of an-ary function
| D(Th,...T,) type constructor (e.g., unit, bool, int and option)
EX:=| @ | Ex:T typing environment

:= map from variables to types, giving the types of the bindings of a BBE
Fig. 2. Typing entities

The predicate pattern, written g, where g is a function of type T — bool, filters values
of type T. For example, a partially applied equality (>= @) is a predicate pattern filtering
nonnegative integers. A predicate pattern binds no variable.

Last, the view pattern takes the form ty (py, ..., pn), where t; is a function and p; are
subpatterns. The term t, has type “T — (T, ..., T,,) option”, where T; denotes the type of the
pattern p;. A value v satisfies the view pattern ty (py, ..., pn) if and only if f(v) evaluates
to a result of the form Some (vy, ..., v, ), where each v; satisfies the subpattern p;. Note that
each subpattern p; scope in the subpatterns to its right—recall from the introduction the
example “trm_and (x°, (= x))”.

2.2 Typing Rules

Figure 2 presents the grammar of types and typing environments. The n-ary function type
is written (Ti, ..., T,) — T,. Other types, such as unit, bool, int and option, are all viewed
as type constructors of the form D (T, ..., T,,). Typing environment, written E, associates
variables to types. The global typing environment ¥ gives the types of primitive functions,
in particular of data constructors.

We let the metavariable B denote a description of the types of the variables bound
by a pattern or by a binding-boolean-expression. A map B can be viewed as a typing
environment by fixing an arbitrary order. In particular, certain typing rules, presented
next, involve contexts of the form “E, B”.

There are 3 typing judgments. The judgment E .y, t : T asserts that, in the environment
E, the term t admits the type T. The judgment E . b ~ B asserts that the BBE b, in case
it evaluates to true, binds a set of variables whose names and types are described by the
map B. The judgment E 5 p : T ~ B asserts that the pattern p filters values of type T
and, in case of success, binds a set of variables whose names and types are described by
the map B.

Typing of terms. Figure 3 presents the typing rules for terms. The rule TYP-TRM-LET
illustrates well the interplay of the judgments. Consider a term let p = t; in t; typechecked
in an environment E. The pattern p is typed with the judgment E +p, p : Ty ~ B, where Ty
corresponds to the type of t;. The continuation t; is typechecked in an environment “E, B”,
which corresponds to E extended with all the bindings exported by p.

The specificity of binding-boolean-expressions appears in the rule TYP-TRM-IF. Consider
aterm if b then t; else t; in an environment E. Its condition is typechecked as E +ppe b ~ B.
The bindings from B are then involved in the typechecking of t;—but not in that of ¢,.
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TYP-TRM-VAR TYP-TRM-INT TYP-TRM-PRIM
(x:T)€E (m:T)ex
Ergmx:T Evrymn:int Erigmm:T
TYP-TRM-APP
TYP-TRM-FUN Erumto: (Th,...Ty) = T
x1 T, xp Ty £ T Vi. Erymti:T;
E+tm A(xl,...,xn).t : (T],...,Tn) - T E tim o (tl,..., tn) :T
TYP-TRM-LET TYP-TRM-IF
Evrpap:Ti ~ B Erppe b~ B
E Ftrm tl : Tl Es B Ftrm t2 : TZ Es B Ftrm tl :T E Ftrm t2 :T
Erymletp=tiint,: T, Et+imifbthentelsety: T

TYP-TRM-WHILE
E tipe b ~ B E, B ¢ t 2 unit

E +tym while b do t done : unit

TYP-TRM-SWITCH
Vie [1,?’1]. E Fppe bij~B; N EBitymti:T
E Fym switch | (case by thent)) | ... | (case b, thent,): T

TYP-TRM-MATCH
E Ftrm fo ¢ T() Vie [1,7’1]. E '_pat pi: T() ~r Bi A E, Bi Firm £ ¢ T
E Fym match o with | py >t | .. | pp =ty : T

Fig. 3. Typing rules for terms

Likewise, in TYP-TRM-WHILE, the bindings exported by the loop condition scope inside the
loop body.

The rules for switch and match typecheck each of the branches independently. Note
that a switch or a match with zero branches admits any type; depending on how the
semantics is formalized, the evaluation of switch or a match with no matching clause
can either lead to a stuck term or to the raising of an exception.

Typing of BBEs. Figure 4 presents the typing rules for BBEs. TYP-BBE-TRM asserts that
any term of type bool can be used where a BBE is expected. TYP-BBE-1s simply asserts that
in t is p, the type of t should correspond to the type of p, and the exported bindings are
those of p. The binding rules for BBE conjunction, disjunction and negation were described
earlier on when presenting the syntax of BBEs. The role of the premise pv(b;) npv(b,) = &
is explained near the end of the present section.

Figure 5 presents the typing rules for patterns. The scopes of bindings are as described
when presenting the grammar. The rule TYP-PAT-VIEW typechecks a view pattern to (p1,
...,pn) in an environment E, where t, has type T — (T, ..., T,,) option. Each p; has type
T; and is typechecked in the environment E extended with the bindings exported by the
subpatterns p; that precedes it.
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TYP-BBE-TRM TYP-BBE-IS
Etym t: bool Ergmt:T Erpap:T~B
Erppet ~ O El—bbe(tisp)'\»B

TYP-BBE-AND
E ppe by ~ By E, By ppe by ~ By pv(b:) npv(by) =@
E Fbbe b1 and bz ~ B;wB,

TYP-BBE-OR TYP-BBE-NOT
E pbe b1 ~ By E pbe by ~ By Evrphe b~ B
E Hppe bl or bz ~ By N B, E +ppe not b~g

Fig. 4. Typing rules for BBEs

Freshness conditions for pattern variables. We let pv(e) denotes the set of pattern variables
syntactically occurring inside an entity e, but not recursively inside terms, in other words,
pv(t) = @, and for BBE and patterns if x” occurs in e, then x belongs to pv(e).

The formal definition is given in the appendix, Figure 25. As we prove in Section C, if a
BBE b has type B, and if the evaluation of b produces a map M relating variables to values,
then we have: dom(B) € dom(M) € pv(b).

The typing rule for a BBE conjunction p; and p, includes the premise pv(p;) npv(pz) =
. To see why this premise plays a crucial role, consider the pattern shown below, which
is of the form (p1; | p12) & p2, with the pattern variable y bound on both sides of the
conjunction—precisely the situation ruled out by the premise pv(p;) Nnpv(p2) = @.

(((x?, y7) when y > 1) | (x7, 0)) & (y?, )

The typing rule for pattern disjunction involves an intersection. Hence, from a typing
perspective, the pattern ((x”, y”) when y > 1) | (x”, 0) binds the variable x but not the
variable y. A difficulty arises from the fact that, from an execution perspective, this same
disjunction pattern may export bindings for both x and y.

To see why, consider the evaluation of this pattern against the pair (2,5) using a naive
interpreter. The evaluation of the sub-pattern “(x?, y°) when y > 1” succeeds, resulting in
amap {x — 2, y —~ 5}. Because the left-branch of the or-pattern succeeds, the sub-pattern
“(x%,0)” is not evaluated at all. Then, the evaluation of the sub-pattern (y°, _) succeeds,
resulting in a map {y — 2}. At this point, a naive interpreter lacks sufficient information
to merge {x — 2, y — 5} with {y — 2} and output the expected result {x — 2, y — 2}.

One possibility is to instrument the input programs to materialize additional operations
whose purpose would be to filter out the bindings that should not be exported outside a
disjunction. Another possibility is to syntactically restrict the input programs to ensure that
the evaluation of pattern conjunctions never leads to conflicts on variable names. In this
paper, we followed the second approach, which avoids complications in the compilation
process, and prevents the programmer from writing confusing patterns.
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TYP-PAT-VAR TYP-PAT-WILD TYP-PAT-INT
Etpax : T ~ {x:T} Evrpt_:T ~ @ Etpgn :int ~ @
TYP-PAT-AND
Etpatp1:T ~ By TYP-PAT-OR
E, By bpatp2: T ~ By Erpat p1:T ~ By
pv(p1) Npv(pz) =2 Evrpatp2:T ~ By
Etpat (pr&p2) : T ~ BiwBy Evrpat (p1|p2) : T ~ BinB,
TYP-PAT-NOT TYP-PAT-AS
Erpap:T~B Evpup:T~B x ¢ pv(p)
Etpat—-p T ~ @& El—patpasx?:TAaBLﬂ{x:T}
TYP-PAT-WHEN
Evrpatp:T~ By E, By ppe b ~ By TYP-PAT-PRED
pv(p) npv(b) =@ Et+ymg: T — bool
El—patpWhenb:T’\?BllﬂBz El—patg:T'\aQ

TYP-PAT-VIEW
Erumty: T — (T,..,T,) option
Vie [1,n]. E, (Lﬂlsj<i B]—) Fpat Pi T; ~ B;
Vi,je[Ln].i# j=pv(p;)npv(p;) =2
Erpat to (P1,.spn) + T ~ Wicicn Bi

Fig. 5. Typing rules for patterns

fl integer
C (vy,...,0,)  constructor (includes booleans, options, tuples)

v = | 7 unapplied primitive function
|
|
| A(x1,...x,).t function closure

M := finite map from variable to values
r = | Match M positive result of a BBE, mapping variables to values
| Mismatch negative result of a BBE

Fig. 6. Grammar of results involved in the semantics

2.3 Semantics

Figure 6 presents the grammar entities involved for semantics. We let v range over values,
which include numbers, primitive functions, function closures, and data constructors. To
distinguish the value constructs from the term constructs, we add an overbar. For example,
we write C (v, ...,0,) for a value constructor. We let M denote a map from variables to
values. Such a map corresponds to the result of a successful pattern-matching or BBE
evaluation. We let r denote the result of evaluating a matching or a BBE. Such a result
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EVAL-TRM-INT EVAL-TRM-FUN
n Jym 7 Aty oo X))o t Ytem A(31, oo X))t
EVAL-TRM-BETA EVAL-TRM-LET
(VI € |:L n]- ti Utrm Ui) tl Utrm 01
Subst({x1 = v1,...,. Xp = On }, t) Jtrm © 01 > P |par Match M Subst(M, t2) Jtrm 02
(A(x1y s xn) . 1) (s tn) Jtrm © letp=1t;inty Jum 02
EVAL-TRM-IF-1 EVAL-TRM-IF-2
b |Jppe Match M Subst(M, t1) |tm © b |ppe Mismatch ts bom ©
if b then t; else t; |ym © if b then t; else t; |ym ©
EVAL-TRM-WHILE-1
b |pbe Match M EVAL-TRM-WHILE-2
(Subst(M, t); while b do t done) |y © b Jppe Mismatch
while b do t done |y © while b do ¢t done |, tt

EVAL-TRM-SWITCH
Vie [ k). b; Jppe Mismatch by |pbe Match M Subst(M, tr) Jirm ©

switch | (case b; then t;) | ... | (case b, then t,,) |}im v

EVAL-TRM-MATCH
to tem 00 match vy with | p; >t | ... | pp = £y Jym ©

match ty with | p;y > t; | ... | pn > tn Jtrm ©

EVAL-TRM-MATCH-VAL
Vie[1,k). 09> p; |par Mismatch 0o & pi Ypar Match M Subst(M, t) Jtm
match vy with |p1 -1 | |Pn -1ty Utrm 4

Fig. 7. Semantics of terms

is either of the form Match M, or Mismatch. The notation M;#M, expresses that the two
maps M; and M, have disjoint domains.

M#M, := dom(M;)ndom(M) =g

The evaluation rules involve the operation Subst(M, e), which substitutes all the bindings
from M into the entity e. Such an entity can be a term, a BBE or a pattern.

To simplify the statements of the evaluation rules, we omit details about the threading
of the mutable store. We give further on an example rule that explicits the store.

There are 3 evaluation judgments. The judgment ¢ |}, v asserts that the term ¢ evaluates
to the value v. The judgment b |l r asserts that the BBE b evaluates to a result r. The
judgment v > p |pa 7 asserts that the matching of the value v against the pattern p
evaluates to a result r.

Semantics of terms. Figure 7 presents the evaluation rules for terms. Let us comment on a
few rules. The rule EVAL-TRM-LET illustrates well the scoping of pattern variables. Consider
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EVAL-BBE-TRM-1 EVAL-BBE-TRM-2 EVAL-BBE-IS
t Jum false t |trm true t Jtem © 0> p Jpac ¥
t |Jppe Mismatch t |ppe Match @ tisp ppe 7
EVAL-BBE-AND-2
EVAL-BBE-AND-1 b1 Jppe Match M,
b1 |Jppe Mismatch Subst(Mj, bz) |Jpbe Mismatch
by and b, |ppe Mismatch b; and b, |ppe Mismatch
EVAL-BBE-AND-3
b1 Jppe Match M, EVAL-BBE-OR-1
Subst(Ml, bz) Ubbe Match Mz Ml#Mz bl Ubbe Match M1
b1 and b, |ppe Match (M; w M) b or by |ppe Match M;
EVAL-BBE-OR-2 EVAL-BBE-OR-3
b1 Jppe Mismatch by Jppe Match M, b1 Jppe Mismatch bs Jpbe Mismatch
b or by |ppe Match M, b or by |pbe Mismatch
EVAL-BBE-NOT-1 EVAL-BBE-NOT-2
b Jppe Mismatch b ppe Match M
not b |pp. Match & not b |pp. Mismatch

Fig. 8. Semantics of binding-boolean-expressions

let p = t; in t,. The subterm #; produces a value v;. This value v; is tested against the
pattern p. This matching is written “o > p”. If the matching is successful, it yields a result
Match M. The bindings of M are then substituted into ¢,. If the matching is unsuccessful,
the evaluation is stuck.

Consider now a conditional “if b then t; else t,”. Suppose that the evaluation of b
produces Match M. In this case, the bindings of M are substituted into #; (EVAL-TRM-IF-1).
Otherwise, if b produces Mismatch, the evaluation proceeds with t, (EVAL-TRM-IF-2).

Likewise, for a while loop (rules EVAL-TRM-WHILE-1 and EVAL-TRM-WHILE-2). The bind-
ings produced by the condition b are substituted into the body ¢.

Semantics of BBEs and patterns. Figures 8 and 9 present the evaluation rules for BBEs
and patterns. A crucial aspect of the semantics are the premises of the form M;#M, that
appear in the rules whose results build a Match (M; w M), such as EVAL-BBE-AND-3, EVAL-
PAT-WHEN-3, EVAL-PAT-AND-3, EVAL-PAT-VIEW-2 and EVAL-PAT-VIEW-3. These premises
ensure that a naive interpreter never reaches a situation where it needs to rely on typing
information to determine how to merge two maps of bindings. As our type soundness proof
establishes (Lemma 4), the typing premises of the form pv(p;) N pv(pz) = @ guarantee
that during the evaluation the unions of maps of the form Match (M; w M;) indeed are
disjoint unions.

Another interesting aspect is the way in which bindings propagate throughout a pattern.
When evaluating a pattern conjunction v > (p; & p,), the bindings M; produced by v > py,
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EVAL-PAT-VAR

EVAL-PAT-WILD EVAL-PAT-INT-1

0> X’ Upat Match {x o} v > _ |par Match & non |pa Match @

EVAL-PAT-INT-2
niy # Ny

ny > ny |par Mismatch

EVAL-PAT-WHEN-1
0 > p |par Mismatch
v > pwhenb |p,; Mismatch

EVAL-PAT-WHEN-2
0 > p |par Match M; 0 > p |par Match M
Subst(My, b) |ppe Mismatch Subst(My, b) |Jppe Match M, Mi#M,
v > pwhenb |y, Mismatch v > pwhenb |p Match (M; wM,)

EVAL-PAT-WHEN-3

EVAL-PAT-AND-2
0 > p1 |par Match M;
o > Subst(Mi, pz) |par Mismatch
v > (p1 & p2) lpar Mismatch

EVAL-PAT-AND-1
0 > p1 |par Mismatch
0 > (p1 &p2) Upar Mismatch

EVAL-PAT-AND-3

b Py Upat Match M, v Py Upat Mismatch
[N Subst(Ml, PZ) Upat Match M, Mi#M,

0 > Py par Mismatch
v > (p1 & p2) lpar Match (M; wM,) v > (p1|p2) Upat Mismatch
EVAL-PAT-OR-2

0 > p1 |pat Mismatch
0 > pa Jpat Match M,

v > (p1]|p2) Upar Match M,

EVAL-PAT-OR-1

EVAL-PAT-OR-3
0 > p1 Jpar Match M,
v > (p1|p2) Ypar Match M;

EVAL-PAT-NOT-1
b ppe Mismatch

not b |, Match &

EVAL-PAT-NOT-2
b Ubbe Match M
not b |Jppe Mismatch

EVAL-PAT-AS-1
0 > p |par Mismatch
v > pasx |pe Mismatch

EVAL-PAT-AS-2
0> p |pat Match M x ¢ dom(M)
o> pasx’ |pa Match (Mw{x+ 0})

EVAL-PAT-PRED-1 EVAL-PAT-PRED-2
g (0) Jum false g (0) Jm true

0 > g |pat Mismatch v > g lJpat Match &

EVAL-PAT-VIEW-1
to (v) Jtrm None
0 > to (P1,..,pn) Upar Mismatch

EVAL-PAT-VIEW-2
to (v) Jtrm Some (vy, ..., 0,) (Vie[1,k). v; > Subst((Wicjei M), pi) Upat Match M;)
v > Subst((Wi<jck Mj), prc) Upat Mismatch) Vi,je[1,n].i# j= M#M;
0 > to (P15 Pn) Upar Mismatch

EVAL-PAT-VIEW-3
to (0) Jtrm Some (v1,...,0,)
Vie [1,n]. v; > Subst((Wi<j<; Mj), pi) Jpar Match M; Vi,je[Ln].i# j= M#M;
0 >ty (1, Pn) Upar Match (Wicicn M)

Fig. 9. Semantics of patterns
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in case of success, are substituted into p,, leading to the evaluation of v > Subst(Mj, p,).
Likewise, in the evaluation of pattern views, the bindings obtained from the subpattern p;
are substituted into the subpatterns p; for j > i.

Threading of the state. As stated earlier, we did omit details about mutable memory state.
Let us illustrate on one rule how the state could be added. Let us write ¢ for the mutable
state. The evaluation judgment for terms in the presence of mutable state takes the form
t/o1 lum 0/02, asserting that the evaluation of ¢ in o7 produces a result v in a state 0.
BBEs and patterns can include effectful terms, hence they also need to include a state.
For example, the evaluation judgment for BBEs would take the form: b/o; ppe r/02. To
illustrate of threading a state throughout an evaluation rule, consider the rule for while
loops, which would be augmented as follows.

EVAL-TRM-WHILE-1-WITH-STATE
b/oo Jppe (Match M) /oy (Subst(M, t); while b do t done) /oy |ym v/02

(while b do t done) /oy |um v/02

In the case where several subterms are evaluated, it is necessary to thread the evaluation
order. Consider the semantic rule of the while construct.

EVAL-TRM-MATCH-VAL
Vie[1,k). (v > pi)/oi-1 |pat Mismatch/o;
0o > pr/0k-1 Upat Match M/oy Subst(M, tx)/ox Jum v/0k41
(match vy with | py > t1 | ... | pn = tn) /00 ltrm ©/0k+1

3 BACKTRACKING IN PATTERN MATCHING
3.1 Labeled Constructs

This section introduces the next construct, which empowers the programmer with fine-
grained control for backtracking within a pattern-matching construct. A motivating exam-
ple for this construct is discussed in the appendix (Section A).

We refine the source language with several labeled constructs: a labeled-function is
written A (xy,...,x,). t, a labeled-match is written matchy to with | p; = t; | ... | pp = tn,
a labeled-swith is written switchy | (case b; then t;) | ... | (case b, then t,), and a
labeled-if is written if;, by then t; else t,. A labeled-match corresponds to a particular
case of a labeled-switch, and a labeled-switch corresponds to a cascade of labeled-ifs.

The next-branch expression, written next L, may appear in any of the continuations
from a match or switch construct (in any t;), and it may appear in the first branch of a
labeled-if statement (in #;).

As we show throughout the rest of this section, the next-branch can be formalized in
a very similar way to the exit-block construct. In short, inside a labeled block, written
L: {t}, anywhere in-depth in ¢, the programmer can place an exit-block construct, written
exit L t’, to abort the execution of the block L, and provide ¢’ as result value for this block.

The exit-block construct, introduced by Common Lisp (1970s), is available in numerous
languages, e.g., Javascript or Rust. It can be used to directly encode control-flow constructs
such as break, continue and return. While many programs can be naturally written
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Terms, refined with labels

t+= | Ap(xp,eenxn).t labeled function
| ify b then t; else t; labeled conditional
| whiley b do t done labeled loop
| switchy (case by thent;) | ... labeled switch
| matchy to with | p; >t |...| labeled match
Terms, extended
t+= | L:{t} labeled block
| exitLt exit from a block
| returnL¢ exit from a function body
| break L break out of a loop
| continue L jump to next iteration of a loop
| nextL jump to next branch of a labeled if/switch/match

Syntactic sugar for implicit labels

t+= | exitt exit nearest block with argument term
| returnt return argument term for nearest function
| break break out of nearest enclosing loop
| continue next iteration on nearest enclosing loop
| next next branch of nearest enclosing if/switch/match

Fig. 10. Adding block-exit and adding labels on branching term constructs

without such constructs (recall that the OCaml does not include them), there are large
classes of algorithms whose description is arguably more concise and more elegant when
leveraging these constructs.

Exit-blocks can be simulated using exceptions, yet with runtime overhead (and syntactic
overhead). The point of the exit-block construct is to provide statically scoped exceptions,
that can be compiled efficiently using simple jumps at the assemby level. Similarly, the
point of the next L construct is to a provide statically scoped construct for backtracking
inside conditionals or pattern matching. Whereas our naive prototype implementation
compiles next into ML exceptions, a realistic compiler would compile next similarly to
exit-blocks, using simple jumps.

3.2 Syntax and Typing for Abort Constructs

To stress the similarities between next and the constructs exit, break, continue and
return, we include all of them in our presentation. Figure 10 gives the syntax of labeled
terms. The expression next without argument is syntactic sugar for next L with L being
the label of nearest enclosing branching construct (if, switch, or match), and likewise for
other constructs.

The typing judgment for terms is generalized to the form E; F Fyy t @ T, where F
denotes a label environment, which lists the labels in scope, and binds certain labels to a
type. Figure 11 formalizes the grammar of labeled environments. An entry LblLoop L or
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Typing environment for labels

F:=1| @ empty environment

LblBlock L : T)  binding the label of a block

LblFunL : T) binding the label of a function

LblLoop L) binding the label of a loop

LblBranch L) binding the label of a conditional or switch

3

3

| F
| F,
| F
| F

~ A~~~

5

Fig. 11. Grammar of label environments.

LblBranch L indicates that L is a label associated with a while-loop or with an if/switch/-
match construct, respectively. An entry “LblBlock L : T” or “LblFun L : T” indicates that
L is a label associated with a labeled-block of type T or with a function whose body has
type T, respectively.

The typing judgments for BBEs and patterns does not depend on labeled environments.
Even though BBEs and patterns may contain general terms in depth, we purposely disallow
them to trigger abrupt termination behaviors. We believe that allowing them would result
in obfuscated control flows.

Importantly, we need to disallow function closures to capture abort operations that would
escape the scope of the closure. This restriction is standard. For example, inside a while-
loop, one cannot define a function that invokes break to break out of this surrounding
loop. To enforce this restriction, we typecheck the body ¢ of a function Af (x1, ...,x,). ¢t ina
singleton label environment that binds only the label L.

The typing rules for terms are shown in Figure 12. The typing rules for BBEs and patterns
are unchanged, except where a subexpression from the category of terms is involved. In
such cases, we typecheck the subterm in an empty label environment, as illustrated in the
last three rules from Figure 12.

3.3 Semantics for Abort Constructs

To give a semantics to language constructs that trigger an abrupt termination, a.k.a. abort
behavior, we introduce a grammar of outcomes. As shown in Figure 13, outcomes include
both regular results, written Res v, labeled-abort outcomes, written Abort a, as well as
conventional exceptions, written Exn e. The grammar of abrupt terminations, written a,
includes in particular Exit L v and Next L. The exception NoBranch is produced by a match
or a switch with no matching branch (it corresponds to the exception Match_failure of
OCaml). Throughout the rest of the paper, we do not discuss exceptions further, as their
semantics is standard and orthogonal to the labeled-abort behaviors on which we focus.

In the Appendix B, we present the most important evaluation rules in big-step style. In
the next section, we present an exhaustive set of evaluation rules in small-step style.

4 A MINIMAL LANGUAGE FOR BBE AND PATTERNS

This section presents a minimal language, with a smaller number of constructs, in which
all the features presented so far can be encoded. We use this minimal language to simplify
the proof of type soundness, and to describe the compilation scheme towards a standard,
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TYP-TRM-IF-LABEL
E Hbbe bO ~ B

TYP-TRM-FUN-LABEL E, By; F, (LblBranch L) Fyy 2 T
E x;:Ty,.xp:Ty; (LbIFunL : T) by t: T E;Frumty: T
E; Frum AL(xts o0 xn). t: (T4, ., T) = T E; F iy ifr by then ty else ty : T

TYP-TRM-WHILE-LABEL
E Fbbe b~ B

E, B; F, (LblLoop L) ym t : unit
E; F +ym (whiley b do t done) : unit

TYP-TRM-SWITCH-LABEL
Vie[1,n]. E Fppe bj ~ B; A E, B;; F, (LblBranch L) by t;: T

E; F ym switchy | (case by then t) | ... | (case b, then t,) : T

TYP-TRM-MATCH-LABEL
Etumto: Ty (Vie[1,n]. Epa pi: To ~ B A E, Bj; F, (LbIBranch L) by t;: T)
E; F byum matchy ty with | py >t | .. [ pn =ty : T

TYP-TRM-BLOCK TYP-TRM-EXIT
E; F, (LbBlock L : T) rymt: T (LblBlockL : T) € F  E;Frgmt:T
E;Fruym (L:{t}):T E;FrymexitLt:T
TYP-TRM-RETURN TYP-TRM-BREAK
(LbIFunL : T)€eF E;Fruymt:T (LblLoop L) € F
E;Frgmreturn Lt: T’ E; F i break L : unit
TYP-TRM-CONTINUE TYP-TRM-NEXT TYP-BBE-TRM
(LblLoop L) € F (LblBranch L) € F E; @ im ¢ : bool
E; F ¢ continue L : unit E;FrygmnextL:T' Etrppet ~ @

TYP-PAT-VIEW
E; @ vrymto: T - (T,...,T,) option

TYP-BBE-IS Vie[1L,n]. E, (Wicj<iBj) Fpat pi: T; ~ B;
E;:Ovrumt:T Evpup:T~B Vi,je[1,n].i+j=pv(p:)npv(p;) =2
Eppe (tisp) ~ B Etpat to (P1sowpn) * T ~ Wicicn B

Fig. 12. Typing rules for constructs involving labels.

Core-ML language. For the minimal language, we present both a big-step and a small-step
semantics. We will use the big-step semantics to prove the correctness of the compilation
scheme, and use the small-step semantics to establish type soundness.

4.1 Syntax of the Core Language and Encodings

Figure 14 presents the grammar of the language, which consists essentially of a subset
of the language presented so far. We remove the let-pattern construct, and keep only
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Outcome of term evaluation

0 := | Reso result that consists of an output value v
| Aborta result that consists of a labeled-abort a
| Exno result that consists of an exception v

Abrupt termination reaching a label L

a:= | ExitLo exit from a block with value v
| ReturnLo exit from a function with value v
| Break L exit from a loop
| Continue L jump to next iteration of a loop
| NextL jump to next branch in a if or a switch

Fig. 13. Entities involved in the semantics of labeled constructs

tg == | x variable
| n integer
| letx=1tint let-binding
| A(x1, o Xn). t function definition
| to (1. tn) application, including constructor
| ifL by then t; else &, backtracking branching instruction
| while b do ¢t done conditional loop
| L:{t} labeled block
| exitL¢ block-exiting
| nextL branch-exiting
b = | tisp match against a pattern
| if°*® b, then b, else b, branching, as part of a BBE
p = | X pattern variable
| pwhenb guarded pattern
| Some(pi, ..., pn) tuple option pattern

Fig. 14. Grammar of the minimal language

the simpler form let x = t; in t,. Such a term is semantically equivalent to “(Ax.t;) t;”,
however we do not want to suggest that a closure allocation is required. We keep function
definitions and while loops, but only in their unlabeled form. We restrict the view-pattern
to only support matching against an option on a tuple, in the form “¢ is Some(py, ..., pn)”.

Importantly, we introduce one new construct, written if®® b, then b, else b,. This
construct can be used to encode BBE conjunction, disjunction, and negation. The construct
ifobe by then b, else b, first evaluates by. If the result is Mismatch, then it returns the result
of by. If the result is Match My, then b; is evaluated. If the result is Mismatch, the final result
is Mismatch. Otherwise, if the result is Match M, then the final result is Match (M, w M;).

Figure 15 presents encodings for the language constructs that are not part of the minimal
language. A let-pattern is encoded using a conditional with a is statement. The switch
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Encoded terms

letp=t;int, = if (¢, is p) then 1, else (raise Match_Failure)
switchy | (case b; then ;) | ... | ¢, =ify b; then 1; else (switchy |c; | ... | ¢cp)
matchy t, with | p; > #; | ... | pn > t, = let x = t; in switchy | (case x is p; then t;) | ...
[ Ap(x1, .0 Xn). [ A(x1,..0%n). L {
..return Lt’; = ..exit Lt';
[ [ L:{whilebdo
while; bdo L'
...break L; ...exit L tt;
...continue L; ..exit L' t;
done }
I o
Encoded BBEs
t =t is true
b, and b, = if® b, then b, else false
b or b, = jfbbe b, then true else b,
not b = if®*® b then false else true

Encoded patterns—for a globally fresh variable x

- = x’
n = x’ when (x = n)
1 & ps = x’ when (x is p;) and (x is p;)
p1lp2 = x’ when (x is p;) or (x is p;)
-p = x’ when not (x is p)
? ? H
pasx’ =x" when (x is p)
g = x’ when g (x)
to (P15 Pn) = x’ when f (x) is Some (p1, ... pn)

Fig. 15. Encoding into the minimal language of other language constructs

construct is encoded using a cascade of conditionals. The break and continue expressions
are encoded using exit on different labels. A term ¢ in BBE position is encoded as “¢ is true”.
Other BBE constructs are encoded using if® . Derived pattern constructs are encoded
using when clauses.
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TYP-BBE-IF
E pbe bo ~ By E, By +pbe b1 ~ By E ppe by ~ By pv(bo) npv(by) = @

E Fppe if°¢ by then by else b, ~ (BowBy) N B,

TYP-BBE-FALSE

E +ppe false ~ B

Fig. 16. Typing rules for if®®  which encodes the BBE operations and, or, not, and the additional
typing rule for false, needed to make TYP-BBE-AND derivable.

EVAL-BBE-IF-1 EVAL-BBE-IF-2
bo |bbe Mismatch b Jbbe 7 bo {pbe Match M, Subst(My, b1) |pbe Mismatch
if™ by then by else by |ppe 7 if®™ b, then b; else b, |ype Mismatch

EVAL-BBE-IF-3
by Jppe Match M, Subst(My, b1) Upbe Match M; Mo#M;

if®® by then by else by |p,e Match (M w M)

Fig. 17. Evaluation rules for if?>e

4.2 Typing and Semantics for Low-Level Constructs

Figure 16 shows the typing rule for the new construct if®™ b, then b, else b,. In order
to derive the typing rule for BBE conjunction (TYP-BBE-AND), we need a special typing
rule for false appearing as part of a BBE. This special rule TYP-BBE-FALSE overlaps with
TYP-BBE-TRM. Recall that the judgment “b has type B” asserts that if b evaluates to Match M,
then the bindings in M have the type described by the map B. Because false evaluates to
Mismatch, it is safe to claim that false admits any type B. The following derivation justifies
that TYP-BBE-AND is derivable.

TYP-BBE-AND-DERIVED-FROM-IF
Etrppe bo ~ By E, By tppe b1 ~ By Erppe false ~ (BywB;) pv(by) npv(by) =&
E ipe if°°¢ by then by else false ~ (B, B;) N (Byw B;)

E Hppe bo and b; ~ By w B

The evaluation rules for if appear in Figure 17. The tuple-option pattern construct

that we have included is just a special case of the view pattern, hence we omit its typing
and evaluation rules.

Figures 29, 30 and 31 in Appendix G, present the expanded typing and semantics rules
of the minimal language.

4.3 Small-Step Semantics

In addition to the big-step semantics presented above for the minimal language, we present
an equivalent small-step semantics. The reduction judgment takes the form e — e’, where
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G:=| letx=0int argument of a let-binding
| O (t1,..tn) function of an application
| oo (01, -y Ok, O, tgy, .-s In)  ONe argument of an application
| ify O then t; else t, argument of a conditional
| iftheny O else t, first branch of a labeled conditional
| L:{oO} argument of a labeled block
| exitLO argument of an exit instruction
| Oisp argument of a BBE matching
| if°*® O then b else b, argument of a BBE conditional
] if®® M then O first branch of a BBE conditional

Fig. 18. Evaluation contexts for the small-step semantics of the minimal language

e is an entity. The grammar of entities corresponds to the flattening of the grammar of
terms (written t), BBEs (written b), outcomes (written o), results (written r), maps (written
M), as well as the pairs of values and patterns (written v & p).

Entities also included intermediate forms for terms and BBEs. The form ifthen;, O else 1,
denotes a conditional with ongoing execution of the first branch, but with the possibility of
backtracking into t, if a next L is triggered. Similarly, the form if°* M then O denotes a
BBE conditional with ongoing execution of its first branch, such that if this branch results
in a Match M’, then the conditional produces Match (M & M").

The grammar of evaluation contexts is shown in Figure 18. The reduction rules are given
in Figure 19. Note that there is no reduction rules for patterns per se, but only rules for
BBEs of the form v > p.

Let us state the equivalence between the small-step and the big-step judgments. The
proof follows standard techniques, hence we omit the details.

THEOREM 1 (SMALL-STEP MATCHES BIG-STEP SEMANTICS, FOR TERMINATING PROGRAMS).
(t="0 e tlmmo) A(b="1r < blper) A((vep)r'r < ov>plpar)

4.4 Type soundness

Details of the type soundness proof may be found in Appendix C. Here, we only reproduce
the statement of the theorems. Recall that an outcome consists either of a value or an abort
outcome.

THEOREM 2 (PRESERVATION). The following statements hold:
(1) E;Fryme:T A e e = EFryme:T
(2) Erppee~B A e e = Erp.e : B
THEOREM 3 (PROGRESS). The following statements hold:

(1) @; Frymt:T = tisanoutcomeo Vv 3dt'.t — t’
(2) Drppe b~B = bisaresultr v 3b'.b —» b’
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VL, t1, t;. G # (iftheny O else t;)
e e VL. G+ (L:{O})
RED=CTX Gle] » G[€'] RED-ABT G[Abort a] — Abort a
RED-INT n — Res 71
RED-FUN A(x1s e X)) t > Res (A(x1, ... ) 1)
RED-CSTR (Res C) (Res vy, ...,Res vy,) + Res (C (v1,..,0))
RED-LET let x =Reso; int, > Subst({x — v}, 1)
RED-BETA (Res (A(xy, ... xn).t)) > Subst({x] = 01,..., X, = Uy}, 1)
(Res vy, ...,Res vy,)
RED-IF-1 if; Mismatch then t; else t; — 1y
RED-IF-2 if; Match M then t; else t, — iftheny Subst(M, t;) else t,

RED-IFTHEN-1
RED-IFTHEN-2

ifthen, Abort (Next L) else ¢,
iftheny o else 1,
while b do t done

=0

when o # Abort (Next L)

RED-WHILE — if b then (letx =t in
while b do ¢ done)
else tt
where x is a free variable
rep-BLock-1 L : { Abort (Exit L o) } + Res v

RED-BLOCK-2

L:{o}

=0

when o # Abort (Exit L v)

RED-EXIT exit L (Res o) — Abort (Exit L v)

RED-NEXT next L ~ Abort (Next L)

RED-IS (Resv) is p >0 p

RED-TF-BBE-1  if°°¢ Mismatch then b, else b, — by

RED-TF-BBE-2  if°’¢ Match M, then b; else b, > if?®¢ M, then b, else b,
RED-IF-BBE-3  if°"° M, then Mismatch else b,  +~ Mismatch

RED-TF-BBE-4  if°°¢ M, then Match M; else b, +~ Match (Mo w M) when My#M;

RED-PAT-VAR

2
oD X

— Match {x — v}

RED-WHEN 0 > (p when b) — (v>p)andb
where (b; and by)
= (if" b, then b, else false)
RED-VIEW-1  None > Some(py, ..., pn) — Mismatch
RED-VIEW-2  Some(0y, ..., 02) > Some(py, ..., pn) ~ (v1 > p1) and ... and (v, > py,)

Fig. 19. Small-step semantics for the minimal language

5 COMPILATION INTO CORE-ML

In this section, we show how to compile our minimal language into a core subset of a
standard ML language. This compilation scheme corresponds to the one implemented in
our prototype.

For the target language, we use OCaml syntax. We assume the target language to support
exceptions and the simplest possible form of pattern matching: testing a constructor and,
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X
n

let x = Hﬁﬂ in HQH

(fun (X1, %n) = [t])

[to] ([ta], ... [£a])

let k() = [[tz]] in [[bo]]try [#1] with | Next L - k(O
(Fix £ O = [JITTO ) ¢

try [¢] with | Exit L x — x

[+]
[n]

[let x = t; in ]

[A(x1, oo Xn)- 1]

[to (t1, .- tn)]

[if. by then t; else ;]
[while b do ¢ done]

[L:{t}]

[exit L t] = raise (Exit (L, [t]))

[next L] = raise (Next L)

[e1s = u whenbv(b) =V

[t is p] = lety=[t]in[y»p]y,  fora globally fresh variable y

kl(x1s<~> n

[if> b, then b; else ba] = let ki(x1,...%n) = u in let k() = U’ in [[b]] liao

g

where {x1;...;xn} = (bv(bo) ubv(b;)) Nnbv(by) Nnfv(u)
assert false

[if**° by then b, else by]Y, = let k() = U in [[bo}][[bl]]kzo

when ((bv(by) ubv(b;)) N bv(bz)) is an infinite set

Hassert false
!

u whenbv(p) =V
let x =y inu

[y » pl

[[y >x?]]3/

Iy » p when b]",

[y » Some(py, ..., Pn)]]ﬂ'

let k() = u' in [[y»p]]Eb(]lto

let k() = U in match y with

| Some(x1, .., xn) — [(x1isp1) and ... and (xn is pn)[i
| - = kO

for globally fresh variables {x1;...;xn}

Fig. 20. Compilation of the minimal language into Core-ML, when applicable, the duplication-
avoiding closures (e.g., k()) are bound with globally fresh variables.

in case of success, binding the constructor arguments. To simplify the translation, we
use uncurried functions in the target language, but curried functions would work as
well. To encode while loop with a BBE argument, we use recursive functions, written
fix f (x1,..., Xn) = u, which is equivalent to let rec f (x, ..., X,) = u in f. The appendix
(Section D) details the syntax (Figure 23) and the semantics (Figure 24) of the target
language. We write fv(u) the set of free variables appearing in a Core-ML term u.

The compilation scheme is presented in Figure 20. We encode the abort outcomes of
our minimal language, namely exit and next, into two corresponding exceptions that we
define in the target language.

We write [t] the compilation of a term t. We write [b]\}, the compilation of a BBE b,
where u and u’ are Core-ML terms that denote the success and the failure continuations,
respectively. The free variables of u should be included in the set of bindings exported
by b according to the typing rules. The term u’ should be closed, i.e., have no free variable.
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Besides, we write [y » p]"}, for the 4-argument meta-function that describes the compilation
of the matching of y against p, with success continuation u and failure continuation u’.
We comment on the two most interesting cases.

The first interesting case is the compilation of a conditional if; by then t; else t,. It

essentially compiles to: [[bo]]E:;]/1 [n] with | Next L = ] s term evaluates bo. In case of

failure, it continues with [#,]. Otherwise, it evaluates, in a context where the bindings of by
are available, the try-with expression. This expression evaluates [[¢;], but if a Next L excep-
tion is raised, then it aborts and evaluates [t,]. To avoid code duplication, the continuation
[t2] is named k().

The other interesting case is the compilation of the BBE-conditional construct. Essen-

b1l . L
tially, [i ¢ b0 then b, else by];, compiles to [bo] %bjﬂ . To avoid code duplication, the
continuation u is named k (X1, ..., X, ), where the x; correspond to the free variables of u.*

Finally, as stated in figure Figure 15, the construct if™ by then b; else b, encodes the
boolean operations on BBEs and, or and not. In particular, we have
[[bzﬂlq (X75e%n)

[b1 and b,] = let kqi(Xq,...%xn) = u in let ko() = u’ in [[bl]]kz()kzo

6 CONCLUSION

We hope that our work will facilitate the adoption of binding-boolean-expressions and
extended pattern matching, both in existing and yet-to-appear programming languages.
We look forward to formalizing our definitions and proofs using Rocq.

“The introduction of this list of arguments to avoid code duplication appears as the only reason preventing
the size of the compiled term to be linear in the size of the input term. We speculate that a compilation scheme
targeting a assembly-level language could be proved to be size-preserving.
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A  MOTIVATION FOR THE “NEXT” CONSTRUCT

As mentioned in the introduction, certain algorithms involve a mixture of pattern matching
and backtracking. To motivate the introduction of the next construct in Section 3.1, consider
the match construct from Rocq’s Ltac language.

match t@ with (* Ltac backtracking pattern matching x)

| p1 -> t1
| p2 > t2
| p3 —> t3

Its semantics is as follows: let x denote the result of t@. If x matches p1, then evaluate
the tactic t1. If the execution of t1 fails for any reason, move on to the next branch, and
test whether x matches p2, and so on. If all branches are exhausted, the pattern matching
construct ultimately raises a failure.

How could such a behavior be described using a combination of exceptions and standard
pattern matching, e.g., in standard OCaml? Suppose the ti are large expressions that
should not be duplicated. We show below a first, direct attempt, involving a cascade of
continuations defined in the reverse order compared with the original branches.

let k4 x = raise Fail in

let k3 x = match x with p3 -> (try t3 with Fail -> k4 x) | _ -> k4 x in
let k2 x = match x with p2 -> (try t2 with Fail -> k3 x) | _ -> k3 x in
let k1 x = match x with p1 -> (try t1 with Fail -> k2 x) | _ -> k2 x in
k1 te

Could we introduce a higher-order combinator to express the branches in the original
order? Yes, it could be realized using a combinator named backtracking_match, as follows.

backtracking_match to

[ (fun x -> match x with p1 -> Some t1 | _ -> None);
(fun x -> match x with p2 -> Some t2 | _ -> None);
(fun x -> match x with p3 -> Some t3 | _ -> None) ]

let backtracking_match (e:'a) (bs:'a->'b) : 'b =
let x = e in
let rec aux bs =
match bs with
| [1 -> raise Fail
| b::bs' -> match b x with Some r -> r | None -> aux bs'
in
aux bs
While this approach is semantically correct, the allocation of closures, lists and options
make the code very inefficient. It might be possible for a hypothetical compiler to eliminate
all these intermediate artefact (e.g., by means of partial evaluation). Even if a compiler
were able to handle this particular example, it is not certain that it would handle more
complex scenarios involving backtracking patterns.
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In this paper, we introduce a construct, written next L, for aborting the execution of
a branch of a pattern matching construct decorated with label L, and move on the next
branch. The previous example could be written as follows—in a hypothetical syntax.

match*L t@ with

| p1 -> (try t1 with Fail -> next L)
| p2 -> (try t2 with Fail -> next L)
| p3 -> (try t3 with Fail -> next L)

As the example suggests, the next constructs empowers the programmer with fine-
grained control, going beyond what a simple syntactic sugar for backtracking pattern
matching could offer. Indeed, the programmer may decide, on a per-branch basis, which
exception(s) should lead the program execution to test the remaining branches.

The next construct goes beyond what a simple syntactic sugar for backtracking pattern
matching could offer. Indeed, the programmer may decide, on a per-branch basis, which
exception(s) should lead the program execution to test the remaining branches.

B SELECTED BIG-STEP EVALUATION RULES FOR LABELED CONSTRUCTS

Figure 21 presents selected big-step rules for labeled constructs. A number of previously
presented rules remain essentially unchanged, only updating the result from a value v to
an outcome 0. We do not include the rules for propagating exceptions and labeled-abort
behaviors through all language constructs. We refer to the small-step semantics for a
complete set of rules.

C TYPE SOUNDNESS

In this section, we prove preservation and progress by induction for the minimal language,
w.r.t. the small-step semantics. For the language constructs not included in the minimal
language, we prove, via the two lemmas shown below, that their evaluation and typing
rules are derivable w.r.t. the encodings presented in Figure 15.

THEOREM 4 (SOUNDNESS OF DERIVED EVALUATION RULES). For every encoded language
construct (Figure 15), the big-step rules (Figure 21) are derivable w.r.t. the big-step rules for
the minimal language (Figure 21 plus Figure 17).

THEOREM 5 (SOUNDNESS OF DERIVED TYPING RULES). For every encoded language construct
(Figure 15), the typing rules (Figure 3, Figure 4, Figure 5 and Figure 12) are derivable w.r.t. the
typing for the minimal language (Figure 29).

To establish type soundness, we first need to introduce additional typing rules for values
(Fval 0 : T), outcomes (F oyt 0 : T), abort outcomes ( F b @ : T), maps (E Fmap M : B),
and results (Fres 1 : T), as well as typing rules for the intermediate expressions that were
introduced for stating the small-step semantics.

We reinterpret the existing rules, allowing outcomes and results to appear in evaluation
position. For example, TYP-TRM-APP could typecheck the term (Res vy )(Res vy, ..., Res vy,
Ok+1> tk12, --» tn ). In the particular case of the bbe-conditional construct, we introduce an
explicit rule Typ-BBE-1F-REs to typecheck expressions of the form if®® M, then b, else b,.
An alternative route would be to define pv(M) as dom(M).
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The new typing rules appear in Figure 22. Interestingly, for the proof of soundness, we
need to add a rule Typ-BBE-WEAKEN, which asserts that if b admits type B, and B’ is a subset
of B, then b also admits type B’. Recall that, intuitively, a BBE b has type B is a promise
that if b evaluates to Match M, then the M binds at least all the names from the domain
of B.

As expected, the proof involves the usual weakening and substitution lemmas.

LEMMA 1 (WEAKENING LEMMAS FOR TYPING).
The following implications hold:
(1) E;Frumt:T = EE;FF rymt:T
(2) ErFppe b~B = EFE Fibe b ~ B
() Evpatp:T~B = EE +pup:T~B
LEMMA 2 (SUBSTITUTION LEMMAS FOR TYPING).
Assume ap M @ B. Then, the following implications hold:
(1) EB; Frumt:T = E; F ym Subst(M, ¢): T
(2) E;Brppe b~ B = E e Subst(M, b) ~ B’
(3) EiBrpatp: T~ B = Epy Subst(M, p): T ~ B

The next three lemmas are key to establishing type soundness: they explain how the
bindings in result maps compare with the bindings computed in types.

LEMMA 3 (ONLY PATTERN VARIABLES ARE BOUND IN RESULT MAPS).
b |ppe Match M = dom(M) € pv(b)

Proor. Straightforward by induction on the evaluation judgment: only the pattern
variable construct (x°) introduces bindings in result maps, and the pv(b) operation gathers
all the pattern variables appearing in depth inside b. Hence, the result map contains O

LEMMA 4 (DISJOINT PATTERN VARIABLES IMPLIES DISJOINT RESULT MAPS).
b1 Jppe Match M; A by |ppe Match My A pv(by) npv(be) =@ = M#M,
Proor. Immediate corollary of the previous lemma. m]

LEMMA 5 (RESULT MAPS CONTAIN ALL BINDINGS EXPECTED FROM TYPING).
Erppe b ~B A b lppe MatchM = dom(B) € dom(M)

Erao:T A tpup:T~B A 0b>plpgMatchM = dom(B) < dom(M)

Proor. By induction on the evaluation derivation, and case analysis on the typing
derivation. For both judgments, bindings are introduced by pattern variables. In the typing
judgment, bindings can be removed when computing intersections or when applying the
weakening rule. In the evaluation judgment, bindings are only accumulated, never removed.
Hence, the evaluation judgment returns no less bindings than the typing judgment. O

We are now ready to state and prove the preservation and progress theorems.

THEOREM 6 (PRESERVATION). The following statements hold:
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(1) E;Fryme:T A e e = EFrgme:T
(2) EFppee~B A er¢e¢ = Eryp.e ~B

Proor. The proof is done by induction on the small-step reduction rules. Let us justify
how applications of the weakening rule (Tyr-BBE-wEAKEN) for BBE-typechecking can be
eliminated from the input derivation: if e ~ B’ is proved from e ~» B for a B larger than B,
then we can apply the preservation by induction hypothesis to derive e’ ~» B, and conclude
by applying the weakening rule to derive ¢’ ~» B'.

e RED-CTX. Say in this context that e = G[e;] and ¢’ = G[e]]. By inversion of rRep-cTx,
e1 reduces to e]. By inversion on the typing assumption of G[e, ], e; has some type
Ty. By IH, this means that e has type T;. Typing of G[e]] only depends on the type
of e}, not of the expression itself, meaning that from the same assumptions, G[e |
is well-typed.

e RED-ABT. By inversion of rep-aBT, Abort a is well-typed to some type T;. By inversion
of TYp-oUT-ABT, 4 is also well-typed. We conclude by applying the same rule with
the type T.

From now on, we can assume that, if e is neither an if-then nor a label block, then the
subterm is evaluation position is either of the form Res v, or a result r. (as any other form
would be captured by either rRep-cTx or RED-ABT). In these cases, we will systematically
apply Typ-ouT-vAL to get the type of v.

e ReD-INT. Both n and 7 have type int.

e RED-FUN. With Lemma 1 and TyYp-vAL-FUN.

e RED-CSTR. By inversion of Typ-TrM-app and Typ-TrM-PRIM, C has type (T, ..., T,) — T,
and each v; has type T;. We deduce exactly the premises to apply TYP-VAL-CONSTR
and conclude.

e RED-LET. By inversion of TYpP-TRM-LET-VAR, v; has type T;. We conclude by applying
Lemma 2 to get that Subst({x ~ v}, t;) has type T.

e RED-BETA. By inversion of Typ-TrRM-APP, and Typ-TRM-FUN, we get that each o; has type
T;, and that A(xy, ..., x, ).t has type (Ty,...,T,) — T. We conclude with Lemma 2 on
t.

e RreD-IF-1. By inversion of Typ-TRM-IF-RES-LABEL, we obtain that f, has type T.

e RED-IF-2. By inversion of TYp-TRM-1F-RES-LABEL then of Typ-rES-mMaTCH, we deduce
that the map M has a type B, that t; has type T in environment E, B; F, LblBranch L,
and that t, has type T in E. Applying these premises with Lemma 2 to TYp-TRM-
IFTHEN-LABEL is enough to conclude.

e RED-IFTHEN-1. By inversion of TYpP-TRM-IFTHEN-LABEL, we obtain that ¢, has type T.

e RED-IFTHEN-2. By inversion of TYp-TRM-IFTHEN-LABEL, we obtain that o has type T.

e RED-WHILE. By assumption we get that while b do ¢t done is well-typed, and by
inversion of Typ-TRM-WHILE, b binds B, t has type unit with bindings from B. With
these, we conclude by applying Tvp-TRM-LET-VAR and TYP-TRM-IF.

e RED-BLOCK-1. By assuption L : { Abort (Exit L v) } is well-typed with type T. By
inversion of Typ-TrM-BLOCK, Abort (Exit L v) is well-typed in a context where the
label L has type T. By inversion of tye-aBT-Ex1T, 0 has type T. We conclude by
applying TYP-oUT-VAL On 0.
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RED-BLOCK-2. By inversion of Typ-TRM-BLOCK, We obtain that o has type T.
RED-EXIT. By inversion of Typ-TrM-ExIT, the value v have type T and the the label
L is bound in F to the same type T. We conclude by applying tyr-ouT-ABT, then
TYP-ABT-EXIT and TYP-OUT-VAL on v.

RED-NEXT. By inversion of Typ-TrRM-NEXT, the label L is bound in the environment.
We conclude by applying Typ-ouT-aABT, then TYP-ABT-NEXT.

RED-1s. By inversion of Typ-BBE-1s, we get the exact premises to apply TYp-BBE-PAT.
RED-IF-BBE-1. By assumption, we have that if® Mismatch then b, else b, has some
type B. By inversion of Typ-BBE-1F, we get that B = (By W By ) N B, where Mismatch
has type By, by has type By, and b, has type B,. The goal is to show that b, has type
(Bo W By) N By. Since (By w By ) N B, € By, we conclude by applying TYp-BBE-WEAKEN.
RED-IF-BBE-2. By inversion of Typ-BBE-1F, we get that B = (By w By) N By, where
Match M, has type B, (which means that M, has type By), b; has type B; with
bindings from By, and b, has type B,. We conclude by applying Typ-BBE-IF-RES.
RED-IF-BBE-3. Applying TYP-REs-MISMATCH is enough.

RED-TF-BBE-4. The input expression e is ifPbe M, then rq else b, with r; = Match M;.
Moreover, we have My#M;. By inversion of Typ-BBE-I1F-RES-RES, We obtain the typing
assumptions +map My : By and s Match M; : By and @ pe b2 ~ By. By inversion
on TYPE-RES-MATCH, we deduce nyap M; : By We conclude with Tvp-rEs-maTCH,
arguing that My w M; has type (Byw By ) N B,. By TYp-BBE-WEAKEN, is suffices to show
that My w M; has type By v By, which follows from s, My : By and +ap M; : By.
RED-PAT-VAR. By inversion of Typ-BBE-PAT and TYP-PAT-VAR, the variable x is bound
to the type of v. We can condlude with Typ-rEs-MATCH.

RED-WHEN. By inversion of tTyp-BBE-PAT, We get that v has type T and p when b
has type T ~ B. Inversion of Typ-pAT-wHEN gives us that B = B; w By, where p
has type T ~ Bj, b has type B, with bindings from By, and pv(p) npv(b) = @.
By applying Typ-BBE-PAT, 0 > p has type B;. Since pv(v > p) = pv(p), we get that
pv(v > p) npv(b) = &. We conclude by applying Typ-BBE-IF.

RED-VIEW-1. Mismatch has any type.

RED-VIEW-2. By inversion of Typ-BBE-pAT and Typ-vaL-PrIM On the constructor Some,
each v; has type T;, and that for all i and j, the pattern variables appearing in p;
and p; are disjoint. Since pv(v; > p;) = pv(p;), for all i and j, the pattern variables
appearing in pv(v; > p;) and pv(v; > p;) are disjoint. We conclude by applying
TYP-BBE-IF (n — 1) times.

O

THEOREM 7 (PROGRESS). The following statements hold:

(1)
(2)

@ Ftrymt:T = tisanoutcomeo Vv 3t'.t — t
Brppeb~B = bisaresultr v 3b'.b — b

Proor. The proof is done by induction on the typing rules. For the typing rules, we
factorize the similar cases as follows. Consider an entity e.

If e is already an outcome o or a result r, the result is immediate.
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o If e is of the form G[e; ], and the e; in evaluation position is either a term ¢ or a
BBE b, it suffices to invoke the induction hypothesis (IH) and the reduction rep-cTx
applies.

e If e is of the form G[Abort a], and G is not a labeled-block nor a ifthen-construct,
the Abort a propagate outwards: the reduction rep-aBT applies.

Therefore there remains to consider well-typed terms in which the subterm in evaluation
position, if any, is either a Res v or a r; or an Abort a in the case of a labeled-block or
ifthen-construct.

® TYP-TRM-VAR. A variable x cannot be well-typed in an empty environment, so the
assumption is contradictory.

e Typ-TRM-INT. The rule rRep-InT applies.

e TYP-TRM-LET-VAR. The only case to discuss is that where #; is of the form Res v. We
can conclude by applying RED-LET.

e TYP-TRM-FUN. The rule repb-run applies.

e Typ-TRM-APP. The case to discuss is of the form (Res vy) (Res vy, ...,Res v,,) The
function vy has an arrow type. Therefore it is either a primitive function or a
lambda-abstraction.

— If vy is a constructor C, we apply RED-CSTR.
— If vy is an abstraction (A(xy, ..., x,).t) , we apply RED-BETA.

e TYp-TRM-IF-LABEL. The argument b is not yet a result, hence term ¢ at hand is of the
form G[b], and the rule rep-cTx applies.

o Typ-TRM-WHILE. The while loop unfolds, by application of RED-WHILE.

e Typ-TRM-BLOCK. Consider a block L : {0 }.

— If o is of the form Abort (Exit L v), we apply RED-BLOCK-1.
— If 0 is not of this form, we apply RED-BLOCK-2.

o Typ-TRM-EXIT. The rule rRep-exiT applies.

o TYp-TRM-NEXT. The rule rRep-nexT applies.

e TYP-TRM-IF-RES-LABEL. The case to discuss is when the argument of the condition is
aresult r. If r is Mismatch, then rep-1¢-1 applies. If r is of the form Match M, then
RED-IF-2 applies.

e TYP-TRM-IFTHEN-LABEL. Consider ifthen; o else t5.

— If o is of the form Abort (Next L), we apply RED-IFTHEN-1.
— If 0 is not of this form, we apply RED-IFTHEN-2.

o Typ-BBE-1S. The rule rep-1s applies.

o Typ-BBE-IF. The argument of the conditional is either a Mismatch or a Match M. We
apply the rule Rep-1F-BBE-1 Or RED-IF-BBE-2 accordingly.

e Tvp-BBE-1F-RES. The BBE at hand is if"" M, then b; else b,. The b; is in evaluation
position, hence rep-cTx applies.

e Typ-BBE-IF-RES-RES. The case to consider is if*>° M, then r, else b;. The typing
premise available is VM;. r; = Match M; = My#M;. By case analysis on ry. If ry is
Mismatch then rep-1r-BBE-3 applies. If, however, ry is of the form Match M, then
RED-IF-BBE-4 applies, under the condition My#M;, which comes from specializing
the typing premise.
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e TYP-BBE-PAT. By case analysis on the grammar of patterns: p is either pattern variable,
or when-pattern, or if-some pattern; Each of these three cases are covered by the
following rules.

e TYP-PAT-VAR. The rule RED-PAT-VAR applies.

o TyP-PAT-WHEN. The rule Rep-wHEN applies.

e Typ-paT-soMmE. Consider v > Some(py, ..., pn ). By inversion on the typing rule Tye-
BBE-PAT, 0 has some type T and the pattern also has type T. By inversion on the
typing rule Typ-paT-somE for the pattern, we deduce that T is of the form (T, ...,
T.) option. By inversion on the typing of v with type (T, ..., T,) option, v must be
an option constructor. If v is None then the rule rep-view-1 applies. Otherwise, v is
Some(vy, ..., v, ) and the rule rRen-viEw-2 applies.

e Tyr-BBE-WEAKEN. The induction hypothesis applies immediately.

D SYNTAX AND SEMANTICS OF CORE-ML, THE COMPILATION TARGET
Figure 23 and Figure 24 give the semantics of the target language.

E AUXILIARY OPERATIONS ON VARIABLES

Figure 25, Figure 26 and Figure 27 formally define the operations for computing pattern
variables, free variables, and bound variables, respectively.

The BBE false is a special case. Even though no variables are syntactically bound by
false, any possible evaluation would result to a Mismatch, in the same vein as the typing
rule Typ-BBE-FALSE. For this reason, we define bv(false) as V, where V is the infinite set
containing every possible variable.

F CORRECTNESS OF THE COMPILATION SCHEME

To state the semantic-preservation theorem, we formalize the encoding of values and
outcomes in Figure 28.

The semantic-preservation theorem asserts that if a closed term t evaluates to an out-
come o in the source language, then the translation of ¢ evaluates to the translation of o.
This forward-simulation result suffices to establish a compiler correctness result because
the language that we considered is deterministic [Leroy 2023].

To set up the proof by induction, we need two auxiliary statements, for the semantic
preservation of BBEs and patterns. They involve the auxiliary predicates TrCont(r, u, u’,
q) and FvCont(B, u, u’). Intuitively, TrCont(r, u, U’, q) constrains the evaluation result of
the continuations u and u' involved in the translation [b];, of a BBE b (or of a pattern).
FvCont(B, u, u") constrains the set of free variables that may appear in the continuations
uand u'. The proof is carried out by mutual induction on the following three statements.

LEMMA 6 (BOUND ON FREE VARIABLES). The following statements hold:
(1) f([1]) < Fo(t)
(2) fv([b]y) < fv(b) U (fv(u) N bv(b)) ufv(u’)
3) fv(ly » pIi) € fv(p) v (fv(u) N b(p)) L fv(u’)
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Proor. Straightforward proof by induction on the size of the AST. Inclusion comes from
the possibility of bv(b) = V. mi

Remark. In particular, by definition,
o (bv(b) =V) = (tv([b]y) < fv(u'))
o (bv(p) =V) = (fv([y »ply) ctv(u))

LEMMA 7 (VARIABLES BOUND BY WELL-TYPED BBES AND PATTERNS). The following state-
ments hold:
(1) E; F Fppe b ~ B = dom(B) € bv(b)
(2) E; Fpatp: T ~ B = dom(B) < bv(p)

Proor. Straightforward by induction on the typing judgment O

LEMMA 8 (FREE VARIABLES OF WELL-TYPED ENTITIES). The following statements hold:
(1) E; Frym t: T = fv(t) € dom(E)
(2) E Fppe b~ B = fv(b) € dom(E)
(3) Erparp: T ~ B = fv(p) € dom(E)

Proor. Straightforward by induction on the typing judgment. O

LEMMA 9 (TYPE SOUDNESS BIG-STEP STYLE). The following statement holds: (t |}trm Res 0) A (Fm
t:T) = (Fygo:T)

Proor. The result comes by type soundness of the small-step semantics, and equivalence
between the small-step and big-step evaluation rules. O

THEOREM 8 (COMPILATION CORRECTNESS). The following statements hold:
(1) (t Utrm 0) NGy Frymt: T = ([[t]] Uml [[Oﬂ)
(2) (b Upbe r) A Fpbe b ~ B A TrCont(r, u, u’, q) A FvCont(B, u, u’) =
([b15 U @)
(3) (U DpUpat r) A ('_valU:T) A ("patp:T"’B) A
TrCont(r, u, u’, q) A FvCont(B, u,u") = (([[o] » %) I a)-
where
TrCont(r,u,u’,q) :=  (r =Mismatch A u’ || q)
v (IM. r = Match M A Subst([M], u) {1 q)

FvCont(B, u, u") (fv(u") =@) A (fv(u) € dom(B))

Proor. The proof is done by mutual induction on the evaluation rules.
The arguments for justifying typing conditions in each case are very similar to the ones
in the proof of Theorem 2, and are left out for conciseness.

1. Evaluation rules for terms.
® EVAL-TRM-INT.
The conclusion of the evaluation rule is n | Res ii. We have to prove that
[n] Jm [Res 7], which simplifies to n |};,; Result n.
This result is an application of Mr-INT.
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® EVAL-TRM-LET.
The conclusion of the evaluation rule is let x = t; in t; |y, 0. Its premises are
t1 Jtrm Res vy and Subst({x ~ 01}, t2) Jum 0. By application of TH (1) on both
premises, we obtain "[t;] |y Result [o;]" and "[Subst({x = v1}, £2)] Um [o]",
from which we get "Subst({x ~ [v1]}, [£2]) U1 [o]" by Lemma 10.
We have to prove that let x = [t;] in [t2] Jm [o].
We prove this by applying mr-LeT-1, with [#] | Result [o] and
Subst({x = [o1]}, [£2]]) Yt [o]-

® EVAL-TRM-FUN.
The conclusion of the evaluation rule is A(x1, ..., x,). t Jum Res A(xy, ..., X, ) L.
We have to prove that [A(x1, ..., X,). t] Jmi [Res A(xy, ..., X, ).t], which simplifies to
(fun (X1, %n) = [t]) Jmi Result (fun (x1,...xn) = [t]).
This result is an application of ML-FIx.

® EVAL-TRM-BETA.
The conclusion of the evaluation rule is ty (t1, ..., ty) {trm 0. Its premises are "ty ltrm
Res (A(x1,...xp).t)"and "Vi € [1,n]. t; |}um Res v;" and "Subst(M, t) |}ym 0", where
M = {x1 » vy, ..., X ~ v, }. By application of IH (1) on each premise, we have
"[to] Ui Result (fun (xq,...%n) — [t])"and "Vie [1,n]. [t;] Jm Result [o;]"
and "[Subst(M, t)] {m [o]", from which we get "Subst([M], [t]) Um [o]" by
Lemma 10.
We have to prove that [[t] ([t1], ... [2]) Jm [0]-
We prove this by applying mr-eta with "[[t5] |} Result (fun (xq,...xn) — [t]D"
and "Vi € [1,n]. [t;] Jm Result [o;]" and "Subst([M], [t]) m [o]"

® EVAL-TRM-IF-LABEL-1.
The conclusion of the evaluation rule is "if, b, then t; else t; |y 0" Its premises
are "bg |lppe Mismatch" and "t; |}tm 0"
By application of TH (1) on "t; tm 0", we have [t,] {1 [o]-
The typing assumption is "@; F yny ify by then t; else ¢, : T", from which we
get by inversion that Fppe by ~» By and By; F, (LblBranch L : T) by £ 2 T and
@; F Firm 2 ¢ T.
By using Lemma 8 on the typing judgments, we have "fv(by) = @" and "fv(t;)
dom(By)" and "fv(ty) = &".
We have to prove that let k() = [t;] in [[bO]]EBI [n] with Next L = kO Ut [o]-
By application of mr-teT-1, it suffices to prove that [bo]y Imi [o], where wy,,) =
(fun ) - [t]) andu=try [t;] with Next L — wp,j() and u’ =wp,jO.
We prove this by applying IH (2) on "b {Jpp. Mismatch".
There remains to prove the premises of IH (2), that is:
TrCont(Mismatch, u, u’, [o]]) and FvCont(By, u, u’).

The property TrCont(Mismatch, u, u’, [o]) simplifies to w;,j O Jmi [o], which we
prove by applying mr-BeTa With [[£2] [ [o].

The property FvCont(B, u, u") simplifies to "fv(u’) =@ A fv(u) € dom(B)".
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We prove fv(u’) = fv(w, ) O) = fv([t2] ) = @ by applying Lemma 6 to get fv([t.]) €
fV(tg) =d.
We have that fv(u) = fv(try [#] with Next L — w1 Q) = fv([t:1])ufv(wy, 1 O) =
tv([t1]) utv([tz]) = fv([t1]) since fv([[£2]) = @. We conclude by applying Lemma 6
to get fv([#;]) € fv(t;) € dom(B).

® EVAL-TRM-IF-LABEL-2.
The conclusion of the evaluation rule is if by then t; else t; |}y 0. Its premises
are "by |ppe Match My" and "Subst(My, t1) Jtrm Abort (Next L)" and "t5 |trm 0"
By application of IH (1), we have [Subst(My, t;)] {m Exn (Next L), from which
we get "Subst([Mo], [#1]) Jmi Exn (Next L)" by Lemma 10, as well as [t2] {1 [o]-
The typing assumption is "@; F Fypy ifp by then ¢ty else t; : T", from which we
get by inversion "Fppe by ~ By" and "Bp; F, (LblBranch L : T) by ¢ @ T" and
"@: F g £ T
By using Lemma 8 on the typing judgments, we have fv(by) = @ and fv(t;)
dom(By) and fv(t;) = @.
We have to prove that let k() = [tz] in [[bo]]ig [ with Next L > kO Uit [o]-
By application of mr-LeT-1, it suffices to prove that [bo], Jm [o], where wy,,
(fun O — [t2]) andu=try [t;] with Next L — wp,;() and u' = Wiz, O-
We prove this by applying IH (2) on "by |/pbe Match My".
There remains to prove the premises of IH (2), that is:
TrCont(Match My, u, U’ [o] ) and FvCont(By, u, u’).

The property TrCont(Match My, u, U’, [o]) simplifies to

Subst([Mo], try [t1] with Next L — wp,70)) Um [o], which itself simplifies to
try Subst([Mo], [t:]) with Next L — Subst([M,], wy;,1 O) dmi [o].

This is proved by applying mi-Try-wiTH-1, with Subst([M], [#1]) Jm Exn (Next L)
and [#2] Y [o].

The property FvCont(By, u, u’) is proved like in the case EVAL-TRM-TF-LABEL-1.

® EVAL-TRM-IF-LABEL-3.
The conclusion of the evaluation rule is if;, by then t; else t; |}y 0. Its premises
are "by |Jppe Match Mp" and "Subst(Moy, t1) Jim 0" and "o # Abort (Next L)".
By application of IH (1) on the premises, we have "[Subst(My, t1)] {1 [o]", from
which we get "Subst([My], [t1]) m [o]" by Lemma 10.
The typing assumption is &; F Fyny ify by then t; else £, : T, from which we get
by inversion that +ppe by ~ By and By; F, (LblBranch L : T) by t; : T and
B F iy 1o : T.
By using Lemma 8 on the typing judgments, we have fv(by) = @ and fv(#;) <
dom(By) and fv(t;) = @.
By inspecting Figure 28, only results of the form "Next L" can translate toExn (Next L).
We deduce from o # Abort (Next L) that [o] # Exn (Next L).

We have to prove that let k() = [t;] in [[bo]]ﬁg [n] with Next L = kO Vst [o]-

By application of mi-LeT-1, it suffices to prove that [bo]l}, Jm [o], where wy,,j =
(fun O - [t]) andu=try [#] with Next L — wp,j() and u’:w[[tz]]().

N
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We prove this by applying IH (2) on "by |ppe Match M,".
There remains to prove the premises of IH (2), that is:
TrCont(Match My, u, u’, o] ) and FvCont(B, u, u’).

The property TrCont(Match M, u, u’, [o]) simplifies to

try [t:] with Next L — w, () U [o], which itself simplifies to

try Subst([Mo], [t:]) with Next L — Subst([Ms], w,,j O) dmi [o].

This is proved by applying mi-Try-wite-2, with Subst([Mo], [#1]) Um [o] and
[o] # Exn (Next L).

The property FvCont (B, u, u) is proved like in the case EVAL-TRM-IF-LABEL-1.

® EVAL-TRM-WHILE-1.
The conclusion of the evaluation rule is "while b do t done |}y, 0". Its premises
are "b |ppe Match M" and "Subst(M, t); while b do t done |}y, 0"
By inversion on "Subst(M, t);while b do t done |y, 0", we have Subst(M,
t) Jtm Res vy and while b do t done |}y 0. Recall that we have omitted the
mutable state, but the premise corresponds to a state ¢’ reached after executing the
body once.
By application of IH (1) on each subpremise, we have [while b do t done] |,
[o] (in state ¢’) and [Subst(M, t)] Jtm Result [o;], from which we can deduce
Subst([M], [t]) Jtrm Result [o;].
The typing assumption is "@; F ym while b do t done : T", from which we get
by inversion that "Hy,e b ~ B" and "B; F by t 2 unit”.
By using Lemma 8 on the typing judgments, we have fv(b) = @ and fv(¢) € dom(B).
By definition of the translation, [while b do t done] = wr (),
where wg = (fix f () — [[b]]gt]];f()))_
We have to show that "wg () {1 [o]"
By applying mr-ET4, it suffices to show that [b]{y Umi [o], where u = [t]; we ().
We prove this by applying IH (2) on "b |,p. Match M".
There remains to prove the premises of IH (2), that is: TrCont(Match M, u, (), [o])
and FvCont(B, u, ()).

The property TrCont(Match M, u, (), [o]) simplifies to "Subst([M], [t];wr (D) U
[o]", which itself simplifies to "Subst([M], [¢]); Subst([M], wr()) {m [o]"
Remember that we () = [while b do t done]. We get from Lemma 6 that fv(wg ()) €
fv(while b do t done) = @. This means that the substitution operation in
Subst([M], wg ()) is the identity. We get from this that Subst([M], we ()) = we (),
so that wg () {1 [o].

We conclude by applying mr-ter-1 with Subst([M], [t]) U Result [o;] and

WF () Uml [[O]]

The property FvCont(B, u, ()) simplifies to (fv([t];ws()) € dom(B)). We have
tv([t];we )) = tv([t]) v tv(we (). We proved earlier that fv(we()) = @, and we
have by Lemma 7 that fv([[¢]) < fv(¢) € dom(B).

We conclude that fv([[¢]; we()) € dom(B).
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® EVAL-TRM-WHILE-2.

The conclusion of the evaluation rule is while b do t done |, ft. Its premise is
"b ||pbe Mismatch".

The typing assumption is "@; F Fym while b do t done : T", from which we get
by inversion that "Fype b ~ B" and "B; F by t 2 unit”.

By using Lemma 8 on the typing judgments, we have fv(b) = @ and fv(¢) € dom(B).
By definition of the translation, [while b do t done] = wg (),

where wr = (fix £ () - [p]LT7O)y,

We have to show that "wg () Uml [et]"

By applying mr-BETA, it suffices to show that [b]{y Im [#], where u = [t]; we ().
We prove this by applying IH (2) on "b {Jpp. Mismatch".

There remains to prove the premises of IH (2), that is: TrCont(Mismatch, u, (),
[#t]) and FvCont(B, u, ()).

The property TrCont(Mismatch, u, (), [#]) simplifies to "() {1 [#]"
By definition, [#] = Result (), and we can conclude.

The property FvCont(B, u, ()) is proved like in the case EvAL-TRM-WHILE-1.
EVAL-TRM-BLOCK-1.

The conclusion of the evaluation rule is "L : { ¢ } |ym Res 0" Its premise is "t |tm
Abort (Exit L v)".

By application of IH (1), we have [¢] |} Exn (Exit (L, [o])).

We have to show that "try [t] with Exit (L, x) — x | Result [o]".

By applying mi-try-witH-1 with [¢] |} Exn (Exit (L, [o])), it suffices to show
that Subst({x ~ [o]}, x) | Result [o], thatis, o] | Result [o].

As [u] is a value, it is either of the form "n" or "(fun (X1,....,Xn) — u)"or"C (Wi, ..., Wp)"
We conclude by applying the corresponding evaluation rule, that is: ML-INT Or ML-FIX
Of ML-CONSTR.

EVAL-TRM-BLOCK-2.

The conclusion of the evaluation rule is "L : { ¢ } |}ty 0" Its premises are "t |}iym 0"
and Vo. o # Abort (Exit L v).

By application of IH (1) on "t lyym 0", we have [t] {1 [o]-

We have to show that "try [t] with Exit (L, x) = X {m [o]"

By applying mi-try-witH-2 with [¢] | [o], it suffices to show that Yw. [o] #
Exn (Exit (L, w)).

To prove this, assume that there exists a w such that [o] = Exn (Exit (L, w)).
By inspecting Figure 28, we see that only results of the form Abort (Exit L v) can
translate into result of the form Exn Exit (L, w). We deduce that there exists a v
such that o = Abort (Exit L v), which contradicts the assumption.
EVAL-TRM-EXIT-1.

The conclusion of the evaluation rule is "exit L ¢ |}y, Abort (Exit L v)". Its premise
is t |}irm Res v, from which we have by application of IH (1) that [¢] |}, Result [o].
We have to prove that raise (Exit (L, [t])) Um Exn (Ex1t L, o).
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By applying mr-raIsk, it suffices to prove that
Exit (L, [t]) Jm Result (Exit (L, [o])).
We prove this by applying mr-constr with [t] |, Result [o].

® EVAL-TRM-EXIT-2.
The conclusion of the evaluation rule is "exit L t |y, Abort a". Its premise is
t Jtrm Abort a, from which we have by application of IH (1) that [t] ||,y [Abort 4.
We have to prove that raise Exit (L, [¢]) {m [Abort a].
We have by definition of the translation that [Abort 4] is of the form Exn w for
some value w.
We can conclude with the mL-rAISE exception propagation rule.

® EVAL-TRM-NEXT.
We have to prove that raise (Next L) |y Exn Next L.
We prove this with mr-ra1sE and ML-CONSTR, in the same way as the case EVAL-TRM-
EXIT-1.

2. Evaluation rules for BBEs.

® EVAL-BBE-IS.
The conclusion of the evaluation rule is ¢ is p ppe 7. Its premises are "t |yym Res 0"
and "0 > p |pat 7"
By application of IH (1) on "t lyym Res 0", we have [¢] |, Result [o].
The typing assumption is "Fype ¢ is p ~ B" from which we get by inversion that
"rm t 1 T" and "Fpar p 1 T ~ B
The additional hypotheses are TrCont(r, u, u’, q) and FvCont(B, u, u’).
We have to prove that let y = [t] in [y » p[\ Jmi a.
By applying mr-LET-1, it suffices to prove that Subst({y ~ [o]}, [y » p[\}/) Umi a-
Recall that y is globally fresh, in particular y ¢ (fv(p) ufv(u) ufv(u’)). A straight-
forward induction shows: Subst({y = w}, [y » p]/) = [w » p]5..
Thus we have to prove that [[o]] » p]% Um a.
By applying IH (3) on v > p ||pat 1, with TrCont(r, u, u’, q) and FvCont(B, u, u’),
there is left to prove the typing requirements, that is: -y, 0 : T and Fpa p : T ~ B.
We have previously stated -, p : T ~ B by inversion of the typing assumption.
We get ya 0 : T by applying Lemma 9 with "t |}y, Res 0" and "y £ : T

® EVAL-BBE-IF-1.
The conclusion of the evaluation rule is if**® b, then b; else b, Upbe 7. Its premises
are "by |lppe Mismatch" and "by {ppe "
The typing assumption is Fppe if®™ b, then b; else b, ~ B, from which we get
by inversion that: . by ~ By and By +ppe b1 ~ By and ke by ~ By, where
B= (B() L*JBl) N Bo.
By using Lemma 8 on the typing judgments, we have "fv(by) = @" and "fv(b;) <
dom(By)" and "fv(b,) = @".
The additional hypotheses are TrCont(r, u, U’, q), and FvCont(B, u, u’).
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We have to show that -
by]
let ki X = u in let ko () = u’ in ﬂ”oﬂgb ﬂtf(;
2l 0
(%15 %n ) = (b(bo) Ubv(B1)) N bv(bz) N fr(u).

U1 9, where X = (X, ..., Xn), and

wy X
[[bl]]wu,o

By applying mi-LET-1 twice, there remains to show that [[bo]][[ o] % {1 9, where
2w, 0

wy = (fun X = u) andwy = (Ffun () = u)
We prove this by applying IH (2) on by |ppe Mismatch, with continuations [b;]" wr ()

and [[bg]]w 0
There remains to prove the premises of IH (2), that is: TrCont(Mismatch, [b]"

[b] 2 o > @) and FvCont(B, [b:],, ,(), (1223 g ,())

The property TrCont(Mismatch, [[bl]]w O [b2]0e % "o q) simplifies to

[[bz]]wu,() o @
This is proved by applying IH (2) on "b; ppe " with continuations w, X and wy ().
There remains to prove the premises of IH (2), that is: TrCont(r, w, X, wy (), q) and
FvCont(Bg, wy X, Wy ()).

— We prove the property TrCont(r, wy X, wy (), q) by case analysis.

WI()’

If r = Mismatch, then the property simplifies to wy () {1 g
By applying mL-BETA, there is left to prove that u’ ||, g, which we check with
FvCont(B, u, u’).
If r = Match M, then the property simplifies to Subst([M], wy X) U 9, which
itself simplifies to "Subst([M.], wy) Subst([M], X) Jm 9" -
By definition, we have fv(x) = (bv(b) Ubv(b;)) nbv(by) Nnfv(u).
We have by FvCont(B, u, u) that fv(u) € dom(B) = dom((BywB;) N Bz). This
means in particular that fv(u) € dom(B;). By Lemma 5 with "Fppe by ~ By"
and "by |ppe Match M,", we have dom(B;) S dom(M,). We conclude that
fv(u) € dom(M,), from which we have fv(x) € dom(M,).
We also have by Lemma 7 that dom(By) € bv(by), dom(B;) € bv(b;) and
dom(B;) € bv(b;). Hence dom(B) = dom((BywB;)NB3) € (bv(by)ubv(b;))n
bv(bz). Together with fv(u) € dom(B), we conclude that fv(u) < (bv(b) U
bv(b;)) nbv(by) nfv(u) = fv(x). Hence fv(w,) = @.
The property to prove thus simplifies to wy Subst([M;], X) {1 a-
From fv(x) € dom(M,), we have that, for all x; in fv(X), there exists a value
w; such that [My][x;] = w;.
By applying mL-BETA, there remains to prove that Subst([M;], u) | 9, which
is exactly the property TrCont(Match My, u, U’, q).

— The property FvCont(By, w, X, Wy ()) simplifies to fv(wy () = @ A fv(w, X) €
dom(B,).
We have by definition that fv(wy () = fv(fun () - u’) = fv(u'). We con-
clude with FvCont(B, u, u’), from which we have fv(u’) = @.
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We have by definition that fv(wy X) = fv(fun x — u)Ufv(x) = fv(u) ufv(x),
where fv(X) = {X1;...; X, }. We also have by definition that fv(x) < fv(u), which
means that fv(w, X) ¢ fv(u).
Finally, we get from FvCont(B, u, u’) that fv(u) € dom(B) = dom((By & B;) N
B,) < dom(B;), from which we conclude.

The property FvCont(B, [b;]! % "o [[bz]]w ()) simplifies to

fv([b.]," ,()) z A fv(ﬂbl]]w o)< dom(B)

- By Lemma 6, fV([[bg]]w ()) c fv(by) U (fv(wy X) N bv(by)) ufv(wy ()).
We stated earlier that fv(bz) = @, and proved that fv(wy()) = @.
All there is left to prove is that fv(wy X) \ bv(b;) = @, which simplifies to
fv(wy %) € bv(by).
By definition, we have to prove that fv(u) u fv(X) ¢ bv(b,), which simplifies
to proving both fv(u) € bv(b,) and fv(X) € bv(b;).
We have from FvCont(B, u, u’) that fv(u) € dom(B), and from Lemma 7 that
dom(B) < bv(b,), which is enough to conclude the former.
By definition, fv(X) = (bv(by) ubv(b;)) nbv(bs) nfv(u) € bv(b,), which is
exactly the latter.
- By Lemma 6, fv([[bl]]w ()) cfv(by) U (fv(wy X) N bv(by)) ufv(wy ()).
We stated earlier that fv(b ) € dom(By) ¢ dom(B), and proved that fv(wy () =
g.
All there is left to prove is that fv(wy X) \ bv(b;) € dom(B), which simplifies
to fv(wy X) € bv(b;) U dom(B).
By definition, we have to prove that fv(u) u fv(x) € bv(b;) u dom(B), which
simplifies to proving both fv(u) € bv(b;) U dom(B) and fv(x) € bv(b;) U
dom(B).
We have from FvCont(B, u, u’) that fv(u) € dom(B), which is exactly the
former.
By definition, fv(x) = (bv(by) ubv(b;)) Nbv(b;) nfv(u) ¢ fv(u) € dom(B),
which is exactly the latter.
® EVAL-BBE-IF-2.

The conclusion of the evaluation rule is if®™ b, then b; else b, Jppe Mismatch. Its

premises are "bg |lppe Match My" and "Subst(Mo, b1) |Jppe Mismatch".

The typing assumption is Fype if°°¢ by then by else by ~ B, from which we get

by inversion that: -y by ~ By and By +ppe b1 ~ By and ke by ~ By, where

B=(BywB;)n B,

The additional hypotheses are TrCont(Mismatch, u, u’, q), and FvCont(B, u, u’).

We have to show that

kwx
let ky x = u in let k() = u’ in [by ]][[b ]]tf(j Jm1 9, where X = (X, ..., Xn), and
kO

{x15..5xn} = (bv(bg) Ubv(by)) nbv(by) N fv(u).
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» ]]a“,X

By applying mi-LET-1 twice, there remains to show that [[bo]][[b o O |l 0, where
wyr O

wy = (fun X = u) andwy = (fun () = u’)

We prove thls by applying IH (2) on by {ppe Match My, with continuations [b; ]

and [b, ]

W()

W,/

There rema(l)ns to prove the premlses of TH (2), that is: TrCont(Match M, [b]" wr ()’
[b2] ,;), a) and FvCont(B, [b1];, ,O, 1621, ,())
The property TrCont(Match M, [[bl]]W:,(), [[bz]]wﬂl)_z), q) simplifies to
Subst([Mo], [b1] ,()) bt -
By applying Lemma 10, it suffices to prove [Subst(M,, bl)ﬂi:,b(s;(ﬂMO]]’Wu %) U 9 and
fv(wy () = @ and fv(w, X) € (dom(My) ubv(by)).

- We prove [Subst(M, bl)]]ijb(s;([wo]]’w” %) Um1 a by applying IH (2) on Subst(M,,

b1) Uppe Mismatch.
There remains to prove the premises of IH (2), that is: TrCont(Mismatch,
Subst([My], wy X), wy (), q) and FvCont(By, Subst([My], wy X), wy ()).
The property TrCont(Mismatch, Subst([Mo], wy X), wyr (), q) simplifies to
wy () Urnl qg.
We prove this by applying mr-eTa With u’ ||, q.
The property FvCont(By, Subst([M], wy X), wyr ()) simplifies to fv(wy () =
@ A fv(Subst([Mo], wy X)) € dom(B;).
We proved the former in the case EVAL-BBE-1F-1.
To prove the latter, it suffices to prove that fv(w, X) € (dom(B;) U dom(Mp)).
By Lemma 5, we have dom(By) € dom(M), which means that it suffices to
prove that fv(w, X) € (dom(B;) Udom(By)) = dom(By & By).
As stated in the case evaL-BBE-1F-1, fv(wy X) € fv(u) € dom(B), where B =
(Bo (W] Bl) N B,.
We conclude the latter with (By w B;) N B, € By @ By.

— The property fv(wy ()) = @ is proved in the case EVAL-BBE-1F-1.

— To prove the property fv(w, X) € (dom(My) u bv(b;)), it suffices to prove
fv(wy X) € (dom(Mp) wdom(B;)) since dom(B;) € bv(b;) by Lemma 7. This
exact property was proved in the previous case.

The property FvCont(B, [[171““,)_2), [[bz]m“,)_z)) is proved like in the case EVAL-BBE-1F-1.

® EVAL-BBE-IF-3.

The conclusion of the evaluation rule is "if®™ b, then b, else b, Jppe Match (Myw
M,)". Its premises are "by ||, Match My" and "Subst(M,, b1) |ppe Match M;" and
"Mo#M;".

The typing assumption is Fype if°°¢ by then by else by ~ B, from which we get
by inversion that: . by ~ By and By +ppe b1 ~ By and e by ~ By, where
B= (Bg LﬂBl) N B,.
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The additional hypotheses are TrCont(Match (M, & M;), u, U’, q), and FvCont(B,
u, u’).
We have to show that -
bl
let ky X = u in let k() = U’ in [bo] gblﬂtf(; Jm1 9, where X = (X, ..., Xn), and
20
{x15...;xn} = (bv(by) Ubv(by)) nbv(by) N fv(u). ]
Hbl]]‘\xﬂlx()
Hbz]mﬁ/i()

By applying mi-LET-1 twice, there remains to show that [[b] U1 @, where

wy = (fun X = u) andwy = (fun () — u’).
We prove thlS by applying IH (2) on "bg |}ppe Match M,", with continuations [b;]" " ()

and [[bz]]w 0
There remains to prove the premlses of IH (2), that is: TrCont(Match My, [b]"

[b] 2 " ()’ q) and FvCont(B, [b1];: /(), (1223 g r())
The property TrCont(Match M, [b;]"" % 40 [[bz]]w“,%), q) simplifies to

Subst([Mo], [[blﬂwu,()) Ui G
Subst([Mo], wu X) Uml qand

By applying Lemma 10, it suffices to prove [Subst(M,, bl)ﬂwur()
fv(wy () = @ and fv(w, X) € (dom(My) U bv(by)).

— We prove [Subst(Mo, bl)]]vsvrjj(s)t([wo]]’w“ %) Jm1 9 by applying IH (2) on Subst(M,,
bl) Ubbe Match Ml.
There remains to prove the premises of IH (2), that is: TrCont(Match M;,
Subst([Mo], wy %), wyr (), q) and FvCont(By, Subst([Mo], wy X), wy Q).
The property TrCont(Match M, Subst([M,], wy %), wy (), q) simplifies to
Subst([M;], Subst([Mo], wy X)) U a, which itself simplifies to Subst([M,
Mi], wy X) {1 0, as Mo#M;. Finally, by spreading the substitution, the property
to prove simplifies to Subst([My & M;], w,) Subst([My w M;], X) {1 Q.
By definition, fv(x) = ((bv(by) ubv(b;)) nbv(b;)) nfv(u), in particular we
have fv(x) ¢ fv(u).
By FvCont(B, u, u"), fv(u) € dom(B) = dom((BywB;) N B;) € dom(BywB;) €
dom(M, w M;), by Lemma 5.
We have from this that fv(w,) = @, and fv(x) € dom(My w M; ). With a similar
reasoning as in the case evar-Be-1¥-1, there is left to prove that Subst([[MywM; ],
u) Jm1 g, which is exactly the property TrCont(Match My w My, u, U', q).
The property FvCont(Bj, Subst([M], wy X), wyr ()) is proved like in the case
EVAL-BBE-IF-2.

— The property fv(wy ()) = @ is proved in the case EVAL-BBE-1F-1.

— To prove the property fv(w, X) € (dom(My) ubv(b;)), it suffices to prove
fv(wy X) € (dom(Mp) wdom(B;)) since dom(B;) € bv(b;) by Lemma 7. This
exact property was proved in the previous case.

WI()’

The property FvCont(B, [b1]" "o [[bz]]w ) (>) is proved like in the case EVAL-BBE-TF-1.
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3. Evaluation rules for patterns.

® EVAL-PAT-WHEN-1.
The conclusion of the evalation rule is "o > p when b |}, Mismatch". Its premise
is "0 > p ||pat Mismatch".
The typing assumptions are "y, v : T" and "Fpa p when b : T ~ B", from which
we get by inversion: "Fp,e p: T ~ B" and "By tppe b ~ By", where B = By v By.
By applying Lemma 8 on each typing assumption, we have: "fv(p) = @" and
"tv(b) € dom(By)".
The additional hypotheses are "TrCont(Mismatch, u, U, q)", which simplifies to
u" |m g, and "FvCont(B, u, u’)", which is equivalent to "fv(u’) = @ A fv(u) ¢
dom(B)".

We have to show that let k() = u" in [[o] >p]]|[£lz]lk<’ Yt @

b u
By applying mr-LET-1, there remains to prove that [[o] » p]]i[V }]E““)'() Um 9, where

wy = (Ffun O — u’).

We prove this by applying IH (3) on "v > p ||pat Mismatch", with u = Hb]]‘l:’u’() and
u = wy ().

There remains to prove the premises of IH (3), that is: TrCont(Mismatch, [[b]];‘lu,(),

wy (), q) and FvCont(B, [b]" 0 wy ().

The property TrCont(Mismatch, [[b]]xu,(), wy (), q) simplifies to wy/ () {m1 Q-
We conclude by applying mi-BeTa with u’ |}y q.
The property FvCont(B, [[b]]";l’u’()’ wy () simplifiesto "(fv(wy ()) = @) A (fv([[b]];jul()) c
dom(B))".
The former comes from fv(u') = @.
To prove the latter, first see that we have by Lemma 6 that fv([b],, ,(,) < fv(b) u
(fv(u) N bv(d)) utv(wy Q).
We stated earlier that fv(b) € dom(B;) ¢ dom(B) by typing, that fv(wy,()) = &,
and that fv(u) ¢ dom(B) by FvCont(B, u, u"), which is enough to conclude.

® EVAL-PAT-WHEN-2.
The conclusion of the evaluation rule is "o > p when b |}, Mismatch". Its premises
are "0 > p |Jpat Match M;" and "Subst(Mi, b) |ppe Mismatch”.
The typing assumptions are "y, 0 : T" and "~,at p when b : T ~ B", from which
we get by inversion that py p : T ~ By and By +yppe b ~ B; where B = By By,
u' U a, fv(u") = @ and fv(u) € dom(B).
The additional hypotheses are "TrCont(Mismatch, u, u’, q)", which simplifies to
u’ |1 9 and "FvCont(B, u, u’)".

We have to show that let k() = u’ in [[o] >p]]|[£b(]lﬁo Jm1 Q-

b u
By applying mi-LET-1, there remains to prove that [[o] » P]]\[/[v }]E““)'() Jm a, where

wy = fun () — u’.



Functional Pearl: Binding Boolean Expressions and Extended Pattern Matching 1:45

We prove this by applying IH (3) on "o > p |par Match M;" with continuations
[[b]];’vu,() and wy ().
There remains to prove the premises of IH (3), that is: TrCont(Match Mj, [b]"

Wu’()’
wy (), q) and FvCont(B, [[b]]\‘:lu,o, wyr()).

The property TrCont(Match M, [b]: 0 wy (), q) simplifies to Subst([M;], [b] ,()) U1
q.

This is proved by applying Lemma 10. There remains to prove its premises, that is:
[Subst(M;, 6)]> MWy - g and fv(wy () = @ and fr(u) € (dom(M; ) Ubv(b)).

Wu’()
The property [Subst(M;, b)]]iu})(s)t(wlﬂ’u) Jm q is proved by applying IH (2) on

"Subst(Mj, b) |Jpbe Mismatch" with continuations Subst([M;], u) and wy/ ().
There remains to prove the premises of IH (2), that is: TrCont(Mismatch, Subst([M],
u), wy (), q) and FvCont(By, Subst([M;], u), wyr()).
— The property TrCont(Mismatch, Subst([M;], u), wy (), q) simplifies towy () Jm
g, which we prove by application of mr-BeTA On U’ || Q.
— The property FvCont(B,, Subst([M;], u), wy()) simplifies to : (fv(wy()) =
@) A (fv(Subst([M;], u)) € dom(By)).
By definition fv(u’()) = fv(u’) = @ by FvCont(B, u, u’).
The property fv(Subst([M;], u)) € dom(B;) simplifies to fv(u) ¢ dom([M;])u
dom(B;). By application of Lemma 5 with v > p |}, Match M; and Fpy p -
T ~ By and ty, v : T, we have dom(B;) € dom(M; ). With that, there remains
to prove that fv(u) € dom(B; w B;), which is checked by FvCont(B, u, u’).
The property fv(wy ()) = @ comes from fv(u') = @.
To prove the property fv(u) € (dom(M;) U bv(b)), it suffices to prove fv(u) ¢
(dom(B;wBy)), as we have both dom(B; ) € dom(M;) by Lemma 5 and dom(B;) ¢
bv(b) by Lemma 7.

The property FvCont(B, [[b]];u,(), wy ()) is proved like in the case EVAL-PAT-WHEN-1.
® EVAL-PAT-WHEN-3.

The conclusion of the evaluation rule is "o > p when b |, Match M; w M,". Its

premises are "0 > p |lpae Match M;" and "Subst(M;, b) phe Match My".

The typing assumptions are "y, 0 : T" and "~,at p when b : T ~ B", from which

we get by inversion that py p : T ~ By and By +yppe b ~ Bz where B = By By,

u' U a, fv(u") = @ and fv(u) € dom(B).

The additional hypotheses are "TrCont(Match M; w M,, u, U’, q)", which simplifies

to Subst([M; w M], u) |1 q and "FvCont(B, u, u’)".

We have to show that let k() = u" in [[¢] >p]]l[£lz]lﬁ() V1 a

b u
By applying mr-LET-1, there remains to prove that [[o] » p]]\E }]z“)'() Jm @, where
wy =fun () - U

We prove this by applying IH (3) on "o > p |par Match M;" with continuations
[[b]]:u,() and wy ().
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There remains to prove the premises of IH (3), that is: TrCont(Match M;, [b]

wy (), ) and FvCont(B, [b] 0 wy ().

The property TrCont(Match M, [b]" 0 wy (), q) simplifies to Subst([M;], [b]: ,()) U
q.

This is proved by applying Lemma 10. There remains to prove its premises, that is:
[Subst(M;, B[S ) Yy g and fv(wy () = @ and fv(u) € (dom(M;) Ubv(b)).

The property [Subst(M;, b)]]iu})(s)t(wl]’u) Jm q is proved by applying IH (2) on

"Subst(Mj, b) |Jpbe Match M," with continuations Subst([M;], u) and wy/ ().
There remains to prove the premises of IH (2), that is: TrCont(Match M,, Subst([M;],
u), wy (), q) and FvCont(B,, Subst([M;], u), wy()).

— The property TrCont(Match M,, Subst([M;], u), wy (), q) simplifies to Subst([M.],
Subst([M;], u)) {m1 a, which itself simplifies to Subst([M; w M,], u) |, q by
disjointness of the maps M; and M,, which we have by TrCont(Match M; v M,,

u, U, q).

— The property FvCont(B,, Subst([M;], u), wy()) is proved like in the case

EVAL-PAT-WHEN-2.

Wu’()’

The property fv(wy()) = @ comes from fv(u’) = @.

To prove the property fv(u) € (dom(M;) U bv(b)), it suffices to prove fv(u) <
(dom(B;wBy)), as we have both dom(B; ) € dom(M;) by Lemma 5 and dom(B;) ¢
bv(b) by Lemma 7.

The property FvCont(B, [b] VL;U,(), wy()) is proved like in the case EVAL-PAT-WHEN-1.

® EVAL-PAT-SOME-1.
The conclusion of the evaluation rule is v > Some(ps, ..., pn) |par Mismatch. Its
premise is Yoy, ..., vy. 0 # Some(vy, ..., v,).
The typing assumptions are iy, v : T and Fpye Some(py, ..., pn) : T ~ B, from
which we get by inversion that: Vi € [1,n]. (W1<j<; Bj) Fpat pi : Ti ~ Bj, and Vi,
je[Ln].i#j=pv(p;) npv(p;) = @ where B = 4;c;_, B;.
By using Lemma 8 on the typing judgments, we have Vi € [1,n]. fv(p;) € dom();<;<; B;).
The additional hypotheses are TrCont(Mismatch, u, u’, q), and FvCont(B, u, u’).
We have to show that

let k() = u" in match [o] with Jm1 G

| Some(xi, ... Xn) = [(x1is p1) and ... and (x, is pu)],

| - = kO

By applying mr-LET-1, it suffices to prove

match [o] with U 9,
| Some(x1, ..., Xn) = [(x1is p;1) and ... and (x, is p,,)]];u,()

| = = wy O

where wy = (fun () — u’).
By applying mL-MATCH-2, it suffices to prove that Yw, ...,wn. [o] # Some (w1, ..., wq)
and wy () {m a.
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To prove the former, assume that there exists values w,...,w, such that o] =
Some (w1, ..., Wp).
By inspecting Figure 28, only results of the form Some(vy, ..., v,) can translate into
result of the form Some (wy, ..., w, ). We deduce that there exists values vy, ..., v, such
that v = Some(vy, ..., v, ), which contradicts the assumption.
We conclude that [o] # Some (wy, ..., wn).
We prove the latter by applying mi-eTa with u’ ||, g, that we get from TrCont(r,
u, U, q).

® EVAL-PAT-SOME-2 and EVAL-PAT-SOME-3
We define the following notations for clarity.
Nie = Wier. ke Mi.
pX = Subst(Ni_y, pi).
Nier.n(vi is p;) = (v1is p1) and ... and (v, is py).
by = /\iek..n(vi is pf)
bllc+1 = /\ie(k+1)..n(oi |SP{<)
wy = (fun O = u).
U = Subst([Ng_1], u).
fv(%x) = (Uiek..n bV(pi)) N £V (ug).
wy, = fun X — ug.
Since all values are closed, we have by definition, b1 = Subst(Mj, by, ,), and that
by disjunction of the result maps, ug;; = Subst([M], ug).
Notice that the premises for the two rules EVAL-PAT-SOME-2 and EVAL-PAT-SOME-3 are
very similar, as we can factorize the premises in such a way:
We denote m the first index such that v; > p! Upat Mismatch. If there is no such
pattern, we set by convention m =n + 1.
We have as premises "Vi € [1,m). v; > pﬁ Upat Match M;" and "m < n = o, >
Pm Upat Mismatch", and assume the induction hypothesis on these premises.
The result Some(vy, ..., v,) > Some(ps, ..., pn) pat r depends only on the value
of m. If m < n, the premises prove that r = Mismatch. Whereas if m = n + 1, the
premises prove that r = Match W;e; _, M;.
The typing assumptions are iy, 0 : T and +pa; Some(py, ..., pp) : T ~ B, from
which we get by inversion that: Vi € [1,n]. (Wi<j<; Bj) +pat pi : T; ~ B; and Vi,
je[Ln].i# j=pv(p;) npv(p;) = & where B = ;e p Bj.
By using Lemma 8 on the typing judgments, we have that
Vie [1,n]. fv(p;) € dom(W;<jc; Bj).
The additional hypotheses are TrCont(r, u, u’, ), and FvCont(B, u, u”).
We have to show that
let k() = U’ in match Some ([o{],...,[vn]) with | a.
| Some(x1, ... Xn) = [Aicr.n(xi is pi)]Ke
| - = kO
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By applying mr-LET-1, it suffices to prove that

match Some ([Joi],...,[vn]) with V1 @
| SOme(X‘], sy Xn) - [[/\iel..n(xi ispl’)}]\t\llu/()
[ = = ww Q)

By applying mr-maTcu-1 with Some([[o1], ..., [0n]) Um Result (Some([ov1], ..., [on])).
there is left to prove that

Subst([M], [Aer.n(xi is pi)]y,, y) dmi 9, where M = {x1 ~ 01,....,xn = 0p}.

By definition, the variables x; are globally fresh in the program. This means in
particular that dom(M) nfv(u) = @.

By applying Lemma 13 on Subst([M], [Ajc1.n(x; is pi)]];u,()) Jm 9, and by dis-
jointness of the map M, it suffices to prove that

fv(u) S bv(Ajer.n(xiis p;)) and fv(wy ()) = @ and

[[SUbSt([[M]]’ Nier.n(xi is pi))]]\l;lqu,() Vi Q.

— We have by definition that bv(Ajc;_,(x; is p;)) = Ui<i<n bv(pi). We also have
by FvCont(B, u, u’) that fv(u) ¢ dom(B) = dom(l;c; , Bi). By successive
application of Lemma 7, we have the inclusions: dom(B;) € bv(p;) for all i,
from which we conclude that fv(u) € U;<j<, bv(p;).

— We have by FvCont(B, u, u") that fv(u") = @, which is enough to conclude that
tvwy Q) =@.

— The variables x; are globally fresh in the program. This means in particular
that Vp;. dom(M) nfv(p;) = @.

The property [Subst(M, Ajer_n(x; is pi))]]t’vu,() {1 g simplifies to
[Nier.n(vi s Pi)ﬂ;u,() Ut @
We conclude this with the key property that we prove below, with k = 1:
Vkel.n. (k < m) = [[bk]]zf Uml qa,
We prove the property by recurrence on n — k.
* Inductive case: 1 < k < n.
If k > m, then there is nothing to prove. We assume for the rest of this
case that k < m.
In this case, we have by IH that [[bkﬂ]]tji‘“ U Q.
We have to show that [[bk]]zi‘ Ut Q.
By inlining the definition of the and construct, there is left to prove that:
[[(Uk is P’;ﬁ) and bI,<+1]]EiC Uml qg.
By translating the and construct, there is left to prove that:

. . I A b
let kiXg = up in let k() = U’ in [og is p,’z]]kzlz;l 20 | .

A s
By applying ML-LET-1 twice, there remains to show that o is pf ], fg)l YO
q!
By translation of the is construct, this simplifies to

’ Wuy X
ku+1]]wu, O

let y = o] in [y >p,’:]]w 0 Jm1 a, for a globally fresh variable
y.
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By a similar reasoning as in the case evaL-BBE-1s, the property simplifies

’ Wuy X
[[bk+1]]wu/ O

to [[ox] ’Pll:]]wu,() b a.
We prove this by applying IH (3) on vy > p',: Upat 7, with continuations
[[b,’c H]]x”‘:gc and wy (), where ry is the expected result of the evaluation
of p’,: against vg, which depends solely on the value of k relative to m.
There is left to prove the premises of IH (3), that is: TrCont(r, [b}, H]]x”fz(f ,
Wy, X
wy (), q) and FvCont(By, [[b,’cﬂ]]wu‘;(;, wyr ().
Wy, Xk
- We prove TrCont(ry, [[b1,<+1]]wul:()’
1.If k = m, then v > pllj Upat Mismatch.

wy (), q) by case disjunction on k.

Wy Xk

The property TrCont(Mismatch, [by, w1l W O, a) simplifies to
Wy/ () Uml qg.
In this case the premises are the ones of evaL-par-some-2, this means
that the end result is r = Mismatch. We deduce that TrCont(r, u, u’,
q) simplifies to u’ | Q.
We conclude by application of mL-BeTA With U ||y q.
2.If k < m, then vy > pllz Upat Match M.

Wuk Xk

The property TrCont(Match M, [b, ], %y, ww O, a) simplifies to

Subst([M], [Df, [0 it
This is proved by applying Lemma 10. There remains to prove its

premises, that is: [Subst( M, b,’ﬁl)]]‘iu})(s)t([[Mk\bv(bk“)ﬂ’wukik) Vi @

and fv(wy ()) = @ and fv(w,, %) € (dom(M;) ubv(by,,)).

Subst([Mg\bv(b? Wy, X
2.1 [Subst(My, b, )5 oy (M Pl g

Notice that by definition bv(b;, ;) = Uie(k+1)... bv(pi). By assump-
tion, the pv(p;) are disjoint, and we have bv(p;) € pv(p;). We de-
duce that the bv(p;) are disjoint.

In particular, since dom(Mj) S pv(px) by Lemma 3, it is disjoint
with Uje(ks1)..n DV(Pi) = bv(by, ), so Subst([Mi \bv(by, ;)] wu Xk)

simplifies to Subst([Mg], wy, Xk )-

There is left to prove that [[bkﬂ]]iu})(s)t([[Mk]]’wukik) Ut Q-

We prove this by congruence with the IH [bgy1]i5*" U q. It is

u/
clear that if wy() = u’ and Subst([Mg], wy Xk) = Uk, then

[bis1]F" Ui @ is enough to prove that [[bkﬂ]]i:})(s)t(ﬂMkﬂ’wukik) Ui a.

For the former, we have by FvCont(B, u, u’) that fv(u") = @. This
means that any substitution on either w,/() or u’ is the identity. We

can then conclude by application (or inversion) of ML-BETA.

We prove the latter by n-equivalence. Notice thatif x € fv(t), (Ax.t)x = t.
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This means that proving that fv(x;) € fv(ux) is enough to prove
that w,, Xx = U, which is enough to prove that Subst([M],
Wuk)_(k) = Subst([[Mk]], Uk) = Ug41-
By definition, fv(X¢) = (Ujek.n bv(pi)) nfv(ug) € fv(ug ), which is
enough to conclude.
2.2 fv(wy () = @ We have fv(wy ()) = fv(u") = @ by FvCont(B, u,
u’).
2.3 fv(wy X ) € (dom(My) ubv(by,,)).
This case is detailed in the case "2 of the proof of FvCont (B,
Wy, X

I L5 e ) _

- The property FvCont (B, [b,’cﬂ]]x“f(xf, wy () simplifies to fv(wy ()) =

& A 8 (b, D35 € dom(By)

We have by FvCont(B, u, u’) that fv(u’) = @, which is enough to
conclude the former. i

We have by Lemma 6 that fv( [[b,'ﬁl]]x”f?;‘) c fv(bp,,) U (fv(wy Xk)
bv(bl,,)) U fe(ur )

We have stated earlier that fv(w, ()) = @. We have by inspection
of the operation bv() that bv(pf) = bv(p;). Remember that b}, =
/\iE(k+1)..n(Ui is pf)

This means that fv(wy, X ) \bv(by, ;) = (W, Xk ) N\Uic(k+1..n BV(P2)-
There is left to prove both inclusions: fv(b;,,) ¢ dom(By) and
v (wu Xk ) N Uie(ks1)..n DV(pi) € dom(By)

1. By using Lemma 2 on the typing hypothesis "Vi € [1,n]. (Wi<j<; Bj) Fpat
pi+ T ~ B;", we have Vi € [k + 1, n]. Wje[x,i) Bj Fpat pk T, ~ B,
We gather by successive application of Lemma 8 that fv(pF) ¢
Uje[k,i) dom(Bj)'

By definition, fv(b1,<+1) = UiE(k+1)..n (fv(pf) N Uke[k+1,i) bV(pj))'
This means by typing that it is enough to prove that
Uie(k+1)..n(Uje[k,i) dom(Bj) N Uje[k+1,i) bV(Pj)) ¢ dom(By).

By Lemma 7, Vi € 1..n. dom(B;) < bv(p;), this means in particular
that Uje(x+1,) dom(B;) < Ujelkss,i) bv(p;).

It thus suffices to prove that

Uie(k+1)..n(Uje[k,i) dom(B;) \Uje[k+1,i) dom(B;)) € dom(By ), which
simplifies to (Uje(k+1)..» dom(Bg)) € dom(By ), which is true by def-
inition.

2. £v(Wu Xk )  Uie(kes1)..n DV(pi) € dom(By)

By successive application of Lemma 7, we have Uj(x+1).., dom(B;) €
Uie(k+1)..n BV(P1)-

By definition, fv(wy, Xx) = fv(wy, ) U fv(Xx), it suffices to prove both
inclusions fv(wy, ) N Uje(k+1)..n dom(B;) € dom(By) and fv(xx) ~
Uie(k+1)..n dOl’l’l(Bi) < dOH’l(Bk).
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2.1. fv(wy,) N Use(k+1)..n dom(B;) € dom(By)
We have by definition fv(w,, ) € fv(ug) =
£v(Subst([W . 1) M; 1 1)) = £v() ~ (dom(er (1) M)
By successive application of Lemma 5, we have dom(\;e1_(k-1) Bj) €
dom(Wjey..(k-1) Mj)-
Also, by FvCont(B, u, u"), we have fv(u) € dom(B) = dom (W1, B;).
We deduce that it suffices to prove that
dom(Wier..n Bi)™ (dom(wjel..(k—l) Bj)UUiE(k+1)..n dom(B;)) ¢ dom(By),
which simplifies to dom(By ) € dom(By ), which is true.
2.2. fv (%) N Uie(k+1)..n dom(B;) € dom(By )
We have stated earlier that fv(X;) = (Ujek... bv(pi)) nfv(ug).
In particular, fv(xg) € fv(ug).
We proved in the previous point that fv(ug) \ Uje(k+1)..n dom(B;) €
dom(By ), which is enough to conclude.

- Base case: k = n.
If n = m, then the proof is exactly the same as Case 1 above. We thus
assume that n < m.
By definition of m, this implies that m = n + 1. Hence v, > p}; pat
Match M,,. Moreover, by the discussion above on the result of the
whole evaluation, we have r = Match N,, = Match ;e , M;. In
particular, TrCont(r, u, U, q) simplifies to Subst([N,], u) Jm a,
that is, Up+1 Jml Q.
We have to show that [b,] " mi .
By definition of by, there is left to prove that [v, is pj] " Imi .
By translation of the is construct, there is left to prove that:
let y = o] in [y » pi]7 Umi g, for a globally fresh variable y.
By a similar reasoning as in the case evaL-BBE-1s, the property sim-
plifies to [[o.] » pp] 7 Ui 0.
We prove this by applying IH (3) on v, > p;, |par Match M, with
continuations u, and u’.
There is left to prove the premises of IH (3), that is: TrCont(Match M,,
up, U', q) and FvCont(By, uy, u’).
1. The property TrCont(Match M,, u,, u’, q) simplifies to Subst([M,],
Un) Uml qg.
By definition, we have Subst([M,], u,) = u,+1. We conclude with
TrCont(r, u, U, q), since r = Match N,,.
2. The property FvCont(B,, up, u’) simplifies to fv(u’) = @ A fv(u,) €
dom(B,).
The former follows from FvCont(B, u, u’).
For the latter, by definition, fv(u, ) = fv(Subst([N,-1], u)) = fv(u) ~
dOl’l’l(Nn_l )
Also, by FvCont(B, u, u"), we have fv(u) € dom(B) = dom (W1, B;).
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By successive application of the pattern domain-inclusion lemma on
"Vi € [1,n). 0; > p} Jpar Match M;", we have dom(Wie; (5-1) Bi) €
dom(Ny_1).

We deduce that fv(u,) € dom(By,).

The proof involves, as expected, substitution lemmas, which we state next.

LEMMA 10 (SUBSTITUTION LEMMAS FOR TRANSLATION). The following statements hold:

(1) [Subst(M, t)] U a = (Subst([M], [t]) Y a)

(2) [Subst(M, b)) g A fv(u') = @ A fv(u) € (dom(M)Ubv(b)) =
(Subst([M], [2]3) dumi a)

(3) [y » Subst(M, p)[SP IRy g A fe(W) = @ A fu(u) € (dom(M) U
bv(p)) =
(Subst([M], [y » pIt) Yot @)

Definition 1. We say that two terms u and u’ are congruent, written u = u’ if, for any
map M,
Subst(M, u) |y 9 <= Subst(M, u’) | q

LEMMA 11 (SUBSTITUTION LEMMAS FOR TRANSLATION (CONGRUENT VERSION)). The fol-
lowing statements hold:
(1) [Subst(M, t)] = Subst([M], [t])
2) fv(u') =@ A fv(u) € (dom(M) ubv(d)) =
([Subst(M, b)Y BLY - gyt ([m], [6]2))
(3) fv(u') =2 A fv(u) € (dom(M) ubv(p)) =
([y » Subst(M, p)]]i}let([[M\bv(p)ﬂ’u) = Subst([M], [y » pli))

Proor. We prove (1), (2), and (3) by strong mutual induction on the size of the AST.
The induction hypothesis (IH) is: all three statements hold for every strict subterm (hence
every strictly smaller AST).

¢ Clause (1): terms.

- Case t = x.
Hypotheses: none.
Goal: [Subst(M, x)]| = Subst([M], [x]).
Immediate by unfolding substitution.

- Caset = n.
Hypotheses: none.
Goal: [Subst(M, n)] = Subst([M], [n]).
Immediate by unfolding.

— Case t = let x = t; in t; (representative detailed case).
Hypotheses: IH for t; and t; (both strictly smaller).
Goal: [Subst(M, let x = t; in t;)] = Subst([M], [let x = ¢; in £]).
By unfolding substitution and translation on both sides, this goal reduces to
congruence of the two translated subterms corresponding to #; and t, (with
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the standard restriction of M under binders). These are exactly IH instances.
We conclude by congruence compatibility of let-contexts.
— Case t = A(x1, ..., Xn)- to.
Hypotheses: IH for t,.
Goal: [Subst(M, A(x1,....xn).t)] = Subst([M], [A(x1,....Xn ). to]). By unfold-
ing (with restriction under binders) and IH.
— Caset =tg (t1,..rtn).
Hypotheses: IH for each t;.
Goal: [Subst(M, ty (t1,...tn))] = Subst([M], [to (t1,---,tn)]). By unfolding
and IH on all arguments.
— Case t = iff by then t; else t;.
Hypotheses: IH for b, t;, and t,.
Goal: [Subst(M, ify, by then t; else t;)] = Subst([M], [ifL by then t; else t,]).
By unfolding and IH-(2) on by, IH-(1) on 4, t,.
— Case t = while b do t; done.
Hypotheses: IH for b and t,.
Goal: [Subst(M, while b do t; done)] = Subst([M], [while b do t, done]).
By unfolding and IH.
- Caset=L:{t}.
Hypotheses: IH for t,.
Goal: [Subst(M, L: {ty})] = Subst([M], [L: {t }]). By unfolding and IH.
— Case t = exit L t,.
Hypotheses: IH for t.
Goal: [Subst(M, exit L ty)] = Subst([M], [exit L t,]). By unfolding and IH.
— Case t = next L.
Hypotheses: none.
Goal: [Subst(M, next L)] = Subst([M], [next L]).
Immediate by unfolding.
e Clause (2): BBEs.
— Case b = (t is p) (representative detailed case).
Hypotheses: fv(u’) = @ and fv(u) € (dom(M) ubv((t is p))).
Goal: [Subst(M, (¢ is p)) 5> P is PDLO) - gupse([MT, [(¢ s p)]%).
Unfolding translation of isreduces the goal to the corresponding congruent
properties for the strict subterms t and p. Apply IH-(1) to ¢ and IH-(3) to p;
side conditions are inherited from the hypothesis and bv((t is p)) = bv(p).
Conclude by congruence compatibility of let and pattern-translation contexts.
— Case b = if®¢ b, then b; else b,.
Hypotheses: fv(u’) = @ and fv(u) € (dom(M) Ubv(if®™® by then b; else b,)),
plus IH on by, by, b,.
Goal: [Subst(M, if*® by then b else bz)]]i?bSt([[M\bV('fbbe bo then by else b2)lu) _ Subst([M]
[[ifbbe by then b; else b,]},). By unfolding and IH on each branch.

¢ Clause (3): patterns.
- Casep=x".
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Hypotheses: fv(u’) = @ and fv(u) € (dom(M) ubv(x?)).

Goal: [y »Subst(M, x?)}]i}let([[M\bv(x?)ﬂ’u) = Subst([M], [y »x"]%). Immediate
by unfolding.

Case p = (po when b) (representative detailed case).

Hypotheses: fv(u’) = @ and fv(u) € (dom(M) ubv((po when b))).

Goal: [[y . Subst(M, (Po when b))]]i}let([[M\bV((pO when b))],u) = Subst([[M]],
Iy » (9o when b)]1).

Unfolding translation of paT-wHEN reduces to strict subterms p, and b. Apply
IH-(3) on py and IH-(2) on b; side conditions follow from bv((po when b)) =
bv(po) Ubv(b). Conclude by context congruence.

Case p = Some(py, ..., Pn)-

Hypotheses: fv(u') = @ and fv(u) € (dom(M) U bv(Some(py, ..., pn))), plus
IH on each p;.

Goal: [y»Subst(M, Some(py, ..., pn))]]E?bSt([[M\bv(Some(pl’""p”))]]’u) = Subst([M],
ly » Some(py, ..., pn)]\) ). By unfolding and IH on every p;.

In every case, recursive calls are only on strict subterms, hence on strictly smaller ASTs,
exactly as required. O

Remark. Lemma 10 is a direct corollary of Lemma 11 when choosing an identity substitu-

tion.

To exploit the substitution lemmas, we need to justify inclusion results w.r.t. set of free
variables. The following lemmas provide the necessary results.

LEMMA 12. The following statements hold:

Erymt:T = fv(t) € dom(E)
Etppe b~ B = fv(b) < dom(E)
Etrpap:T~B = fv(p)<cdom(E)

LEmMA 13. The following statements holds:
(1) (dom(M) nfv(u) = @) A ([Subst(M, b)]5 lm a) A (fv(u') = @) A (fv(u) €

bv(b)) = (Subst([M], [b]5,) Um a)

(2) (dom(M) nfv(u) = @) A ([y » SubstMp], lm a) A (fv(u') = @) A (fv(u) €

bv(p)) = (Subst([M], [y[&u") Ui @)

Proor. Direct corollary of Lemma 10. O

G TYPING AND SEMANTICS OF THE MINIMAL LANGUAGE
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EVAL-TRM-EXIT-1 EVAL-TRM-EXIT-2
t Jtem Res o

t Jtrm Abort a
exit Lt |ym Abort (Exit L o) exit Lt |ym Aborta

EVAL-TRM-RETURN-1 EVAL-TRM-RETURN-2
t Jtem Res o

t |trm Abort a
return Lt |y Abort (Return L v) return Lt |ym Aborta
EVAL-TRM-BREAK

EVAL-TRM-CONTINUE

break L |y, Abort (Break L)

continue L |}y, Abort (Continue L)

VAL TRM-NEXT EVAL-TRM-BLOCK-1 EVAL-TRM-BLOCK-2
t Jtem Res o t {trm Abort (Exit L v)
next L |Jym Abort (Next L) L:{t} Jtm Reso

L:{t} Jum Reso

EVAL-TRM-IF-LABEL-1
bo |Jppe Mismatch to Jtrm 0
if, by then t; else t; |lyym ©

EVAL-TRM-BLOCK-3
t {Jtrm Abort a Vo. a+ ExitLo

L:{t} Jum Aborta

EVAL-TRM-IF-LABEL-2

bo Ubbe Match M,
Subst(My, t1) |tm Abort (Next L)

1) Utrm o
if;, by then t; else t; |ym 0

EVAL-TRM-IF-LABEL-3
b Ubbe Match M,
Subst(My, t1) Jtum 0 o + Abort (Next L)
if, by then t; else t; |ym 0

EVAL-TRM-SWITCH-FAIL
Vie[1, n]. b; Jppe Mismatch
switch; | (case b; then t;) | ... | (case b, then t,) |ym Exn NoBranch
EVAL-TRM-MATCH-FAIL
Vie[1,n]. 09> p;i |par Mismatch
matchy vy with | p; > #; | ... | pn >t Jtzm Exn NoBranch

Fig. 21. Selected evaluation rules for constructs involving labels, using the generalized judgment

t Jum 0, where o denotes an evaluation outcome. Numerous rules, not shown, are directly adapted
from the evaluation rules from Figure 7 which defined the judgment ¢ |y o.

1:55



1:56 Arthur Charguéraud and Yanni Lefki

TYP-VAL-CONSTR TYP-VAL-PRIM
(C:(T,...T,) »> T)ex Vie[Ln]. Fygoi:T; (r:T)eX
Fyal 71 int Fval C (01, ces ZJ,,) : T Evrgan:T

TYP-VAL-INT

TYP-VAL-FUN
X1:1, Xy Ty @gm t: T
Fval /1()('1, ceey xn).t : (T1> ceey Tn) - T
TYP-TRM-IF-RES-LABEL
Fres ¥ ~ B E,B; F, (LblBranch L) iy 1 : T E;Frumt: T
E; F i ify rthen t; else iy : T

TYP-TRM-IFTHEN-LABEL
E; F, (LblBranch L) o £ : T Ei:Frymty: T

E; F bym ifthenp ty else t : T

TYP-BBE-IF-RES
Fmap Mo : Bo E, By Fpbe b1 ~ By E Fpbe ba ~ By dom(My) npv(b) = @
E Fipe if°P¢ M, then b, else by ~ ((BowB;) NBy)

TYP-BBE-IF-RES-RES
'_rnap MO : BO Fres 11 :Bl E '_bbe bz ~ Bz (VMl rhH= Match M1 = Mo#Ml)
E —bbe ifbbe My then r else bz ~r ((B() (W] Bl) N BZ)

TYP-BBE-PAT TYP-BBE-WEAKEN TYP-OUT-VAL
Foal 0: T Erpup:T~B Etippe b~ B B cB Foal 0: T
Etrppeo>p ~ B Etppe b~ B FrouwResv:T
TYP-OUT-ABT TYP-ABT-EXIT
F e a (LbIBlock L : T) e F Feal0: T
F oy Aborta: T Fr Exit Lo
TYP-ABT-RETURN TYP-ABT-BREAK TYP-ABT-CONTINUE
(LblIFunL : T)€eF Fya0: T (LblLoop L) € F (LblLoop L) € F
F 4t Return L v F 4 Break L F b Continue L
TYP-MAP
TYP-ABT-NEXT dom(B) ¢ dom(M) TYP-RES-MATCH
(LblBranch L) € F V(x,T)€B. tyq M[x]:T Fmap M : B
F ¢t Next L Fmap M : B Fres Match M : B

TYP-RES-MISMATCH

Fres Mismatch : B

Fig. 22. Additional typing rules for establishing type preservation on the minimal language. The
new judgments are: -y 0 : T and F oy 0:Tand F gy a: T and E Fpap M : Band kg 12 T.
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Core-ML values

w::|

n

(W1, ceey n)

fix £ (X1,..., Xn) > U

Core-ML terms

u = |
|
|
|
|
|

X
C (up, .., Up)

fix f (X1,.., Xn) > U

up (U, ..., Up)
let x = u; in
match ug with

try up with
raise u

uz

C (X1,...,

Xn) - U

| _—=u

C (X1,...,

Xn) — U

integer

labels (e.g., strings or polymorphic variants)
constructor value, including exceptions
n-ary recursive function closure

variable

constructor application

n-ary recursive function definition
n-ary function application

simple let-binding

simple pattern matching

exception handling
exception raising

Core-ML exceptions defined for use in the translation

e = |

Exit (L, w)
Next L

exception for encoding exit blocks
exception for encoding labeled conditionals

Fig. 23. Grammar of Core-ML programs, target of the compilation scheme
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ML term outcome

q := | Result w regular outcome
| Exn w exception outcome
ML-INT ML-CONSTR
Vi. uj |m Result w;
n | Result n C (u1,..sUpn) 1 Result (C (wq,...wp))
ML-FIX

fix f (X1, Xn) > U {1 Result (fix f (X1,..., Xn) = U)
ML-BETA
Up Jm1 Result wp wo = (fix f (X1,..., Xn) — U) (Vi. Ui {1 Result wi)
Subst({f — wa, X7 = W1,...Xn > Wn}, U) Y1
u@ (U1,~-~,un) Uml q

ML-LET-1 ML-LET-2
up Jm Result w; Subst({x = w; }, u2) {1 g Uy Umi Exn w
let x = u; in u; {m 9 let x = uy in Uy g Exn w
ML-MATCH-1
Up Jm1 Result wp wo = C (W1, ..., Wp) Subst({x1 = W1, ..., Xn = Wn }, U1) U1
match up with | C(X7,...xn) = u; | _—>uz Jm 9

ML-MATCH-2
Up |m1 Result wo (Vw1..wn. wg £ C (w1,...,wn)) uz w1 g
match up with | C(xq,...xp) = u; | _—>uz Jm 9

ML-MATCH-3
Ug {ml Exn w

match up with | C(Xq,...,Xn) > U | _ > Uy m Exn w

ML-TRY-WITH-1
Up Y1 Exn C (wy, ..., Wp) Subst({x7 = Wi, ..., Xnp = Wn}, U1) I
try up with | C(X1,..,%Xn) = Ur Jm 9

ML-TRY-WITH-2 ML-RAISE
Uo U1 9 VYwi.Wy. g # Exn C (wy,...,wp) U Jm Result w
try up with | C(X1,..%n) = U1 ym 9 raiseu |y Exn w

Fig. 24. Semantics of Core-ML programs, target of the compilation scheme. The usual rules for
propagating exceptions are not shown, except for the examples of ML-LET-2 and ML-MATCH-3.



pv(t)

pv(tisp)
pv(if®™ by then b, else b;)
pv(b; and b,)
pV(bl or bz)
pv(not b)
pv(x’)

pv(_)

pv(n)

pv(p1 | p2)
pv(p1 & p2)
pv(-p)

pv(p as x)
pv(p when b)
pv(g)

pv(to (p1, - Pn))
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(%)

pv(p)

pv(bo) Upv(by) Upv(b2)
pv(b1) Upv(b2)

pv(by) Upv(b2)

pv(b)

{x}

%)

%]

pv(p1) Upv(p2)
pv(p1) Upv(pz)
pv(p)

pv(p) U {x}
pv(p) upv(b)
%]

Uipv(p:)

Fig. 25. Definition of the pv() operations for computing pattern variables

fv(x)

fv(n)

fv(let x = t; in tp)
tv(A(x1, .00y xn). 1)

tv(to (1. tn))

tv(ify by then t; else t3)
fv(while b do t done)
fv(L:{t})

fv(exit L t)

fv(next L)

fv(tisp)
v (if** by then by else by)
fv(x?)

tv( )
fv(p when b)

fv(to (p1, - pn))

{x}
%

tv(t) u (fv(ty) N {x})

tv(t) N {x1, oo X0}

Uicfo.n] £v(1:)

tv(bo) U (fv(t1) N bv(by)) utv(tz)
ftv(b) u (fv(t) N bv(b))

fv(t)

fv(t)

1]

tv(t) ufv(p)
tv(bo) U (fv(b1) N bv(by)) utv(by)

%)

%)

fv(p) u (tv(b) N bv(p))

f(f) vUi(Ev(pi) N Urgjei(bv(pi))

Fig. 26. Definition of fv() for computing free variables, on the minimal language
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bv(false) = V
where false is a BBE where and 'V is the set of all variables
Recall that false is desugared as false is true

bv(tis p) = bv(p)

bv(if®*® by then by else b,) = (bv(by) ubv(by)) Nnbv(by)

bv(x?) = {x}

bv(_) = O

bv(p when b) = bv(p)ubv(d)

bv(Some(p1, ..., pn)) = U;bv(ps)

Fig. 27. Definition of bv() for computing bound variables, on the minimal language,

] =
[A(x1s v xn) 2] = fun (X1,...%xn) — [t]
[C (v1, .., x1)] = C ([oi], -y o)
[Res o] Result [o]

[Abort (Exit L v)]
[Abort (Next L)]

Exn (Exit (L, [o]))
Exn (Next L)

Fig. 28. Compilation scheme for values and outcomes
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TYP-TRM-VAR YP-TRM-INT TYP-TRM-LET-VAR
(XZT)EE E;Fl—trm tllTl E, (X:Tl);FFtrm tlez
E;Fruymx:T E; Ftymn:int E;Ftymletx=tinty: T,
TYP-TRM-APP
TYP-TRM-FUN EFrumto: (Th,...T,) = T
Exi:T,.oxn:Ty; @gm t: T Vi. E;Frymti:T;
E; F—ym /l(xl,...,xn).t: (Tl,...,Tn) - T E; Fiym to (tl,..., tn) :T
TYP-TRM-IF-LABEL
E Hbbe b~ B
E, B; F, (LblBranch L) g t1: T TYP-TRM-WHILE
E;Frtymty: T Evrppe b~ B E, B; & i t : unit
E; Ftyny ify bthentelsety : T E; F +ym While b do ¢t done : unit
TYP-TRM-BLOCK TYP-TRM-EXIT
E; F, (LbIBlock L : T) by t: T (LbIBlock L : T) € F E;Frumt:T
EFrom(L:i{t)): T EFrumexitLt:T'
TYP-TRM-NEXT TYP-BBE-IS
(LblBranch L) € F Edrumt:T Etrpap:T~B
E; FrymnextL:T' Etrppe (tisp) ~ B
TYP-BBE-IF
E phe bo ~ By E, By Fppe by ~ By
E Fbbe bz ~ B2 pV(bO) A pV(b1) = TYP-PAT-VAR
E Fppe if?P€ by then b; else by ~ (BywB;) N B, E Fpat x0T ~ {x:T}

TYP-PAT-WHEN
Erpap:T~ By
E, By tppe b~ By pv(p) npv(b) =@
Etpat pwhend : T ~ BywB

TYP-PAT-SOME
Vie[1,n]. E, (Wigj<iBj) Fpat pi: Ti ~ B;
Vi,je[Ln].i#j=pv(p:)npv(p;) =0

E Fpat Some(py, ..., pn) : (Ti, ..., Tp) option ~ ¥i<j; Bj

Fig. 29. Typing rules for the minimal language
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EVAL-TRM-LET
t1 Jtem Res 0 Subst({x = 01}, £2) Jtm 0
n Jym Res 7 letx=t;int; Jym 0

EVAL-TRM-INT

EVAL-TRM-BETA B
to Utrm Res (/1(3('1, ...,xn).t)
(Vie[Ln]. t lum Reso;)

EVAL-TRM-FUN Subst({x; = v1,... Xp = On }, ) Ytrm ©

A(x1, 0o %) t Virm Res (A(x1, ..., x5) 1) to (1o tn) Jtrm ©
EVAL-TRM-IF-LABEL-2
EVAL-TRM-IF-LABEL-1 by Jppe Match M,
bo |pbe Mismatch to {trm 0 Subst(My, t1) |tm Abort (Next L) to trm 0
if, by then t; else t; |lym 0 if, by then t; else t; |lym 0

EVAL-TRM-IF-LABEL-3
bo Ubbe Match M()
Subst(My, t1) Jtrm 0 o + Abort (Next L)

if, by then t; else t; |lym ©

EVAL-TRM-WHILE-1

b |lppe Match M EVAL-TRM-WHILE-2
(Subst(M, t); while b do t done) |y 0 b |}ppe Mismatch
while b do ¢t done |ym 0 while b do ¢t done |}y, Res tt
EVAL-TRM-BLOCK-1 EVAL-TRM-BLOCK-2
t {yrm Abort (Exit L v) t Jtrm 0 Vo. o # Abort (Exit L v)
L:{t} Jum Reso L:{t} lum 0
EVAL-TRM-EXIT-1 EVAL-TRM-EXIT-2
t Jtm Res o t {trm Abort a
exit Lt |Jym Abort (Exit L v) exit Lt |ym Aborta

EVAL-TRM-NEXT

next L |}y, Abort (Next L)

Fig. 30. Semantics of terms in the minimal language, omitting obvious abort propagation.
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EVAL-BBE-IS EVAL-BBE-IF-1
t Jtm Reso 00 P lpat 7 bo |ppe Mismatch by lpbe 7
tisp Jppe 7 if® by then b, else by ppe 7

EVAL-BBE-IF-2
bo |Jpbe Match M, Subst(My, b1) |pbe Mismatch

if®™ b, then b, else by |ype Mismatch

EVAL-BBE-IF-3
bo Jppe Match My Subst(My, b1) |lpbe Match M; My#M,;

if°*¢ by then b, else b, Jppe Match (M, w M)

EVAL-PAT-WHEN-1

EVAL-PAT-VAR .
0 > p |par Mismatch

o> X Upat Match {x = v} v > pwhenb |, Mismatch
EVAL-PAT-WHEN-2 EVAL-PAT-WHEN-3
0 > p |pat Match M; 0 > p |par Match M;
Subst(Mj, b) |Jppe Mismatch Subst(My, b) |Jppe Match M, M#M,
v > pwhenb |, Mismatch v > pwhenb |y Match (M; wM,)

EVAL-PAT-SOME-1
Vo, ..., 0p. 0 # Some(vy, ..., 0y)

v > Some(pi, ..., Pn) Upar Mismatch

EVAL-PAT-SOME-2
(Vie[1,k). v; > Subst(Wicjci M), i) Upar Match M;)
v > Subst(Wi<jck M), pi) Jpat Mismatch
Vi,je[1,k). i % j = M#M;
Some(vy, ..., vy) > Some(py, ..., pn) par Mismatch

EVAL-PAT-SOME-3
Vie [1, Tl]. v; > SubSt(w1§j<i M], pl) Upat Match Ml‘
VI,] € [1, n]. i+j= Ml'#Mj
Some(vy, ..., vy) > Some(py, ..., pn) par Match (Wicjc; Mj)

Fig. 31. Semantics of BBEs and patterns in the minimal language



	Abstract
	1 Introduction
	2 A Language with Binding Boolean Expressions
	2.1 Syntax
	2.2 Typing Rules
	2.3 Semantics

	3 Backtracking in Pattern Matching
	3.1 Labeled Constructs
	3.2 Syntax and Typing for Abort Constructs
	3.3 Semantics for Abort Constructs

	4 A Minimal Language for BBE and Patterns
	4.1 Syntax of the Core Language and Encodings
	4.2 Typing and Semantics for Low-Level Constructs
	4.3 Small-Step Semantics
	4.4 Type soundness

	5 Compilation into Core-ML
	6 Conclusion
	References
	A Motivation for the ``Next'' Construct
	B Selected Big-Step Evaluation Rules for Labeled Constructs
	C Type Soundness
	D Syntax and Semantics of Core-ML, the Compilation Target
	E Auxiliary Operations on Variables
	F Correctness of the Compilation Scheme
	G Typing and Semantics of the minimal language

