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1. Source and target language

Figures 1 and 2 give the syntax and semantics of the imperative
source language. Figures 3 and 4 give the syntax and semantics of
the functional target language.

Values v =z ()| inj’iv | (vi,v2) | wf Azt |p|l
Prim. ops. p := case | proj’ | ref | get | set
Terms t :==v|(vt)

Figure 1. Source language syntax

(nfet)v) / 5 s ([ = nf el — 1) ] 5
(case ((inf' ), v1,02)) / 5 —> (wiv) / 5

(proj* (v1,v2)) / s — i /s

(refv) / s — 1/ sW[l— v

(getl) / s — s[l] /s

(set(1,0)) / s — /sl /
(vt) /s — (vt') /s if@t)s—t/s)

Figure 2. Source language semantics

Values w ::a:\()\inji_w|(wl,wz)\uf)\:r.t\q|k|m

Prim. ops. q := case | proj’ |
map_fresh | map_add | map_get | map_set
Terms u =w | (wu)

Figure 3. Target language syntax

2. Syntax and kinds of types

Figure 5 gives the underlying syntax of typing entities, and Figure 6
define kinds on the top of this syntax. Figure 7 associates conven-
tional metavariables to each kind. Figure 8 defines the translation
of typing entities towards System F types and environments.
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(wf Aew) w — [f = pfAzu][z — w]u
proj* (w1, wa) — w;
case (inj* w, w1, w2) — (w; w)

map_freshm — min{k | k € dom(m)}
map-add (m, k,w) — muWlk— w]

map_get (m, k) — mlk]

map.set (m, k,w) — mlk— w]

(wu) — (wu) if(u—u)

Figure 4. Target language semantics

o = a|L]|T|unit|[o]]o+o]oxo|lo—o]refo|
oxo|VYa.o|Ja.o|pa.o|0|{o:0}]|{o:0\ o0} ]
Flo,alo,x:0

K VAL | MEM | CMP | CAP | SNG | GRP | DNV | LNV

Figure 5. Underlying syntax of types, capabilities and environ-
ments

(7 : VAL) (0 : MEM) (x : CMP) (C : CAP)
(o : SNG) (p : GRP) (A : DNV) (I" : LNV)

Figure 7. Metavariables

3. Typing judgments
We first introduce structures that are used to state typing judg-
ments.
— p describes the shape of regions as follows:
— w maps each singleton region o to a value v, which we write
v = plo].
— p maps each group region p to a map from keys to values, and
we write v = plp][k].

— P stands for a set of locations and region names, and is used to
describe the data posessed by a given capability.

— X stands for a set of subtyping hypotheses, so that each of its
item is a proposition of the form o1 < 02 > w .

Figure 9 summarizes all the judgments involved. On gray back-
ground is the translation specific material. There are four subtyping
relations, a typing judgment for source values and terms (mutually
recursive), a typing judgment for memory values and capabilities
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(mutually recursive), plus a typing judgment used to type-check an
closed term when it is executed, and a typing judgment used to
type-check closed values that programs output.

subtyping values YFnn <1 > w
subtyping computations X F x1 < x2 > w
subtyping memory values X F 6; < 6 > w

subtyping capabilities YXHEC L0 b ow mlistae  :=  pB.ref (unit + o x 3)

typing values WwAFv:T > w > pl.(wmit+a x ) =lista

typing terms w DAEE s x (B nil : Va.unit — Jo.[o] * {o : mlista}

typing memory values ss;ptv:0LP > w > VY. unit — unit x list o

typing capabilities ss;utECZLP > w = A().ref (inj* ()

typing executed terms sspa; PlEt: x B > A0-(0,inj" ()

typing output values sspa PlEv:x D w cons . Yaoios. [01] X [02] * {01 : @} * {02 : mlista}
— Jo.[o] * {0 : mlista

Figure 9. Judgments > Va.unit X unit X a X lista — unit X list

R s 2
Light versions of subtyping judgments and of typing judgments = Alh, t).ref (inj” (. 1))

are defined as follows. > A0, 0, hy )0, (inj? (h, 1))
NER standsfor V., X F 7S bW reverse : Voa.[o]*{o:mlista} — Jo'.[0'] x {0’ : mlista}
AFv:7 >w standsfor YV, mwAFov:7 > w > Va.unit X list v — unit X list o
:= letaux = paux.\(l, p).match (get!) with
4. Typing source programs \IHJ; O=» .,
Rules from figures 10 to 15 are used to type-check source pro- in /\l‘ I(ISUX(Z’ lil)il(:;) )set (1, inj™ (. p)) 5 aux (¢, 1)
grams. ’ ’ )
In Figure 15, abbreviations are used to combine functions. They > let aux = aux.A((), (), p).matchl with
are defined below. linj () = (0 p)
id = Az [inj? (1) =
wiowy = i;gc w1 (1)112(;15) : Leut)f ((:) I(Il).l t(?)p) in
w1 X W2 = T1,T2). (W1 T1,W2 T2 . y\ ) by .
w1 + w2 = /\m.case(()\xl.injl (w1 LE1)), 1n)‘(()7l)'(aux (O,(),l,l’lll ()))
.22
(Azs. inj” (w2 22)), 7) iter : Vap. (Vo. [0] —{s:a}«p unit)

- (VJ [J} 7 {o:mlista} x3 unit)
> Vaf. (unit X o X 8 — unit X a X 3)

— (unit X listaw X 8 — unit x lista X 3)
:=  Af.paux.Al.match (get!) with

5. Typing runtime configurations

Figures 16 adds derivation rules for typing of values at runtime.
Figures 17 and 18 define together the judgments for typing capa-
bilities and values in memories. Figure 19 defines the judgments

for typing executed terms, and Figure 20 the judgments for typing lin* ) = ()
output values. |inj® (h,t) = fh; auxt
> Af.paux.A((), (e,1)).match ! with
6. Derivable and admissible rules | inj; ()= (&)
Figure 21 gives rules that can be added safely to the system. They |inj” (A, t2 =
add no expressive power, but allow typing programs more conve- let (¢ 3 h ,) = /(0 (e, h))in
niently (avoiding 1 and 3 expansions). let (e ’2t ) = aux ((), (¢, £)) in

7. Examples
p Figure 22. Example: mutable lists

Examples are given through figures 22 to 25.
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VAL

o : 0 : VAL 0K
0 : CMP 0 : MEM L : VAL T : VAL unit : VAL [0] : VAL retsve oy
01 : K 02 1 K 01 : K 02 1 K 01 : CMP 02 : CMP 0 : MEM
(o1 +02) : K et (01 X 02) : K et (01 — 02) : VAL (refo) : MEM
01 K 02 : CAP  (umscarscxn) a has kind oKl 0 1 K2 o) € {VAL,MEM,CAP,SNG,GRF}
(01 %02) : K o a:k (Va.0) : ko ra€{VAL}
Rl O 1 K2 | c{VAL,MEM,CAP,SNG,GRP} a K 0 o K e{vaL,MEM,CcAP}
Ja.0) : Ko Ko €{VAL,MEM,CAP,CMP } Q.0) : K o not a variable or a p form
(3a.0) (pnev.o)
01 : K 02 : MEM 01 : GRP 02 : MEM 03 : SNG
0 : cap {01 : 02} : CAP retsnaarey {01 :02\ 03} : CAP
0 : K1 a: Ka K1 €{DNV,LNV} 01 K1 02 : Ko (k1 €{DNV} A Ko€{VAL})
R ~E{DNV,LNV} W kg €{VAL,MEM,CAP,SNG,GRP} (O o0 ) T or (k1 €{LNV} A ko €{VAL,CMP,CAP})
: ’ - M affo L s 02) - x#o01 A fv(oz)Cdom(o1)
Figure 6. Kinds
] =1 lor +0s] = [o1] + [o2] 2] . = unit If (« SNG). Otherw1sE:
] =T lor x 02] = [oa] x [o2] [{o :0}] = [o] or (o : GRP): [o] = a
[unif] — unit [or — 03] = [ou] — [o2] [{p: o}l = map [o] [Va.o] = [o] [Va.o] = Vea.[o]
. [{p:0\c}] = map[o] x key [Ba.o] = [o] [Ba.o] = a.[0]
[le]] = unit [ref o] = [o [2] > i 1 = [o] i ] = o]
[[p]] = key for x02] = [o1] x [o2] _ po-cl = 0 S
[o1, z:02] = [o1], = : [o2] o, «] = [d] fo, a] = [o], «
Figure 8. Translation of types, capabilities and environments
UNIT INJ PAIR
A"’U:TiD’w A"’U1Z7‘1 > wy A}—UQZTQD’LUQ
AF () : unit| > () A F (inj'v) : (1 +72) B> (inj’ w) A b (v1,v2) 1 (11 X T2) B> (wi,ws)
VAR FIX
(z:7) € A A f:lxi—x2),z:x1lFt:x2 B> w
AFz:7 > A (pfdxt) @ (x1 — x2) B (ufAzw)
Figure 10. Type-checking and type-directed translation: values
VAL APP SUB
AFv:7T > w AlFv:(x1—x2) B> w AT IFE: x1 > us T'lFt:x1 B> u x1 < x2 B> w
AlFv:7 >w AT IF (vt) : x2 B> (u1u2) TIFt:x2 > (wu)
*-INTRO (FRAME) *-ELIM
F'kFt:x >u D, (z1:0), (@:C)IFt:x > u
D,(z:C)IFt: (xxC) > (u,z) Dyz1:(0xC) -t x > let(z,x2) = 21 inu

Figure 11. Type-checking and type-directed translation: terms
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V-INTRO-VAL V-ELIM-VAL J-INTRO-VAL J-ELIM-VAL

Aabv:T/>w AFov: (Var) > w AFv:(a—oT) > w A, a,(z:m), A2 Fv:7T > w
Atov: (Var) > w AbFov:(a—o7) > w Atov: (Gar) > w Ay, z:(Fan), Ao bFov:iT B w
V-INTRO-TRM V-ELIM-TRM J-INTRO-TRM 3-ELIM-TRM

Dakt:7 >u DiIkt: Var) > u PIEt: (a—ox) > u Iy, (z:x1), T2 lFt:x >u
kFt: (Vor) > u FiFt: (a—oT1) > u FlFt: (Bayx) > u I,z (Faxi), Te -t x > uw

Figure 12. Additional rules: introduction and elimination for quantifiers

ref : 17— Jdo.lo] x {o:ref7} > Az ((),z)

get : Jo]x{o:refr} > 7 {0 ref7} > A(),z). (z,z)

set i ([o] X T2) * {o :ref 1 } — unit*x {o : ref 2 } > A0, z2,z1). (), z2)

proj' : [o]*{o:7Ti X0} = T x{o: T X 02} > M), (x1,22)). (x1, (21, 22))

case ((For.([o1] * {o : [o1] + L} {o1: 61} C)) = x) >  A(f1, f2, (), 2, ). case
X (Bo2.([o2] * {0 : L+ [02]} +{o2: 02} % C)) — X) (Az1. (f1((),inj’ (), 21,0))),
x[o]) {o: 01+ 02} xC — x (Aza. (f2 (0, 0j°(), 22, ¢))), x)

Figure 13. Typing and translation of primitives

General

SNG-CREATE 7 < Jo.lo]*{o: T} >z~ ((),x)

SNG-EXTRACT : [o]*{oc:7} < 7x{o:7} > ((),z) ~ (z,z)

FREE : C<¥9P >z~ ()

Focus-value

FOCUS-REF i {o:ref61} = Jor{o:reflo1]} x{o1:01} > x e~ ((),2)

FOCUS-PAIR" @ {0:01 x 02} = Fo1.{o: [o1] x O} x {o1: 61} > (21,22) e (((),22),21)

rFocus-suM' ¢ {o:01+ 1L}y = 3o {o:[o1] + L} *{o1: 01} > (inj'z) e~ (inj' (), 2)

Regions

NEW-GRP s 0 < Fprpndpr itk x{pn: 00} > () ~ (map_empty, ..., map_empty)

ADOPT-GRP : ol x{o:0}x{p:0} < [p]*{p: 0} > ((),z,m) ~ letk = map_freshmin
(k, map_add (m, k, z))

FOCUS-GRP : p]x{p:0} < Fo.o]x{o:0}x{p:0\c} > (k,m) ~ ((), map_get (m, k), (m,k)))

UNFOCUS-GRP : {o:0}x{p:0\o} < {p:0} > (z,(m,k)) ~ mapset(m,k,x)

Embedding

3.EMBED : {o:(3a.0)} = Ja{o: 06} > Tewx

* . EMBED : {o:(0xC)}={o:0}xC > xewz

Administrative

*.COMM-CAP : C1xCe = Cox(Cy > (x1,22) & (22,71)

*.ASSOC i (0xCh)xCo = 0% (C1 % C3) > ((z1,22),x3) o~ (21, (x2,73))

* NEUTRAL : oxh=o > (x,() ew

3.CcOMM : Jai.Jdaz.o = Jas.Jaj.0 > I ew T

J.EXTRUDE-L : 01 % (Ja.02) = Ja.(01 * 02) > e

J.EXTRUDE-R : (Ja.01)* 02 = Ja.(01 * 02) > T e

Figure 14. Subtyping rules and their translations
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SUB-REFL SUB-TOP
o : Kk € {VAL, MEM} 0
YFo<op>id

SUB-BOT
: k € {VAL, MEM}

SUB-ARROW

Sko <o > ow

YFo< T p>id %

SUB-PROD

Zl—olfoll > wip

Z'_OQSO/Q > wso

ZH—OQSO'Q > wa
F1l<op>id

Y+ (01 — 02) < (0] — 03) B> Af.wso fow

SUB-SUM

Y F (01 x 02) < (0] X 05) B> wi X wa

E|—01§0’1>w1 E}_OQSOIQD’LUQ

Yk (014 02) < (01 +05) B> wi+ws

SUB-* SUB-3 SUB-V
EFolgollbwl EFOQSO'QDUJQ SFo<od > w SFo<od > w
Y F (01 %02) < (0] %05) B> wi X wa Y F (3ao) < (3a.0) > w Y F (Va.0) < (Va.o) B> w
SUB-REF SUB-SNG SUB-GRP
SFo<d > w SFo<d > w STFo<d > w
Y F (refo) < (refo) > w YShF{o:0} <{o:0} > w Sk {p:o} < {p:0} > Am.map-mapwm
SUB-REC-LEFT SUB-REC-RIGHT
SUB-HYP 01 = pa.o

(01§02 I>ZII)€E

YFo <o B>z

Yk o <o B> pzaw

Y, (o1 o2 >z)F (Ja—o01]0) <02 B> w

02 = pa.o
Y, (01 o2 >z) ko1 < ([a—o02]0) > w

YFo Lo > praw

Figure 15. Subtyping under context

TOP

REC SNG GRP
At v (a—par]t) > w
AFv: T p>w AlFwv: (pot) > w w; A F oplo] s o] B> () w; A oplpllk] : [p] Bk
Figure 16. Additional rules for typing at runtime

CAP-EMPTY CAP-3-INTRO

sspk (a—0C)LP > w

sspbE0Z0 > ()

CAP-*-INTRO

ss k- CiLZP B> w

s;pF (JaC)LP > w
CAP-REC

sip kb (a—=paClC)LP > w

s;pk (paC)ZLP > w

CAP-GRP

dom(u[p]) = dom(m)
Vk € dom(ulp]), s; p b plpllk] = 6 £ Pe B> mlk]

s {p: 0} £ (W Pe) W{p}) B m

s;uk CoZ P B> wa
S, U [ (01 * CQ) Z (P1 ] P2) > (wl,wg)
CAP-SNG

s;p b plo] i 0LP > w

s;u b {o:0} £ (PWw{c}) > w
CAP-GRP-FOCUSED
dom(p[p]) = dom(m)  pp]ko] = p[o]
(Vk € dom(m) \ {ko}, s; p b plpl[k] : 0 £ Pu [ > mlk] )

sut {p:0\o} Z (6xP) W {p}) & m

Figure 17. Typing, ownership and translation of capabilities
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MEM-VAL MEM-LOC

MEM-REC
wSkFv:T >w ssphsl]l:04LP > w sspFo: (Jo— padd) LP > w
sspFv:TZ0 > w s;u b L (reff) £ (PW{l}) > w s;pbov: (ua.d) LP > w
MEM-INJ MEM-PAIR
sspkFwv:0;, ZP > w s;ubkwv 6 £LP B> o s;pu b we 02 L Py D> ws
sip b (inj'v) : (61 +62) Z P > (inj' w) s;p b (v, 02) 1 (01 x 02) Z (P W Py) B (w1, wa)

MEM-3-INTRO MEM-*-INTRO

ssubFv: ([a—o0]0)LP > w sspkFv:0ZP > w s;p b CZLPy B> ws

ssphov: (3a0)LP > w ssphhv: (@xC)L(PLYP) > (wi,ws)

Figure 18. Typing, ownership and translation of memory values

EXE-VAL EXE-APP
waktov: T > w wakv: (x1—x2) > w ssya; PlEt: xal >
sspablFv:r >w sip; 0 P = (vt) : x2 B (wu)

EXE-#*-INTRO (EXE-FRAME)

EXE-SUB
sswa; PrEt: x> ouw ss;uECZLP B> w

sswaPlEt:x1 Bu X1 < X2 B w

(a#C)
s 0 (PLYR) Ft: (xxC) B (u,w) sswas P lEt:xe B (wu)
EXE-3J-INTRO EXE-V-INTRO EXE-V-ELIM
sspa; PlEt: (a—ox) B u s;u; (@, a); PlEt: 7> u s;pya; PlEt: Vo) B
sip;a; PlEt: Bax) B> u s;pya; P lEt: (Var) > ou sspa; PlEL: (a—ol7) B u

Figure 19. Typing executed terms

OUT-*-INTRO (OUT-FRAME)
OUT-VAL OUT-3-INTRO s PLE v x B ow
wakov:7T > w s;u;a; PEv: ([a—ox) B w sspuECZLP B w

sspadEv:TI> W s;u; @ P Ev: (Bax) B u s;p;a; (PLUPR) Eo: (x*xC) > (w,w)

Figure 20. Typing output values
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FUN

Ajz:xilFt:x2 B> u

LET
A,F1|—t1:X1 > uq

AF (Az.t) : (x1 — x2) B (Az.w)

A,(:C:Xl),rzl—tzl)@ > us

\YAAVARY)

SUB-CTX SUB-REC (AMADIO AND CARDELLI)
Iy, (x:o02), TalFt:x >u o1 <o2 D> w 2, (a1 < ag) F o1 < 02
D,(z:01), T2 F¢t: x > (letex =wzxinu) N F paror < poz.o

Quantifiers

V.ELIM Va.o1 < [a — 02] 01

J.INTRO [ = 02] 01 < Jav.o1

3.NO-OCCUR Ja.o < o (when « # 0)

Arrows

— .FRAME (1 —=x2) £ (x1xC) = (x2xC)

—.DISTRIB-RIGHT
— .DISTRIB-LEFT

x1 — (Yaux2)  (whena # xi1)
(Fa.x1) — x2 (when o # x2)

Vo (x1 — x2)
Vo (x1 — x2)

ARV,

A, Ty, Te F (lete =t1ints) : x2 B> (letz = uy inug)

FOLD-UNFOLD

pe.o = ([a — pa.olo) > Az.x

T~ T
T~
T ~> T

f = Mz, z2). (f 21, 22)
R
T e T

Figure 21. Extra rules
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8. Definitions for proofs

The following notation was introduced in the paper:

pw o

S\ P - sl\ P’

mp S p\pr
Moreover, we define another notation to capture the idea that

the store and structure of regions can only evolve on the portion P

which is owned, as follows:

(Sau)\P c (SIHU‘/)\P’ =

w
e C u,’|p
sip C s|p

(SHLL) E|P (5,7/14/) =

where s|p describes the subset of bindings from s which bind a
location contained in P, and similarly ) p describes the subset of
bindings from w which bind a region contained in P.

Properties  Figure 26 gives the properties of the two above judg-
ments that are used throughout the proof.

9. Main result of the proof

Each step of reduction in the source language is simulated by one
or more steps of reduction in the target language. Moreover, if
the source program converges to a value, then its translation also
reaches a value after a finite number of steps. This is summarized
in the following diagram.

t)s — t')s — ...

N U” / s/l %

v —T W =t =T W = w e

The corresponding formal statement is given below.

Theorem (EQUIVALENCE)  [f the following property holds
alFt: x> u
o { (1) (t/0) — = u—
2 /0 —"(/s) = uv—"w
Moreover; if the terms converge, there exists y and P such that
s;su;a; PEY: x> w

Proof. Lemma SIMULATION proves that a step of reduction in the
source language is simulated by one or more steps of reduction in

the target language. Lemma TERMINATION proves that the trans-
lated program converges when its source has converged. O

10. Proofs

Proofs follows, on single-columned pages.

node p

forest

new

find

union

ref (unit + [p])
unit + key

{p : node p}
map (unit + key)

Vp.unit — {inode p} (0]
Yo.unit x forest — key x forest
AQ)-ref (inj' ()
A, 7).
let k = map_freshrin
letr’ = map_add (r, k, (inj* ())) in
(k,7")

Vp.[p] = {pinode py [P
Va.key x forest — key x forest

wf An.match (get n) with
linj' () = n
|inj*m =
letp = fmin
set (n, inj? p) ;
p
wf.A(n,r).match (map_get (r, n)) with
inj! () = (n,7)
linj>m =
let(p,r') = f (m,r)in
letr” = map_set (', n, (inj* p)) in
(p, ")

Vp-[p] X [p] = {pinode p}y unit
Va.key X key x forest — unit X forest
/\(nl, 'ng).
letp; = findn, in
letp2 = findnz in
set (p1,inj? pz2)
A(n1,n2, ).
let (p1,7’) = find (n1,7)in
let (p2,7”") = find (n2,7’) in
letr”” = map_set (r"', p1, (inj® p2)) in

(0,7

Figure 23. Example: union-find
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reflexivity: (s,u)\p T (s,u)\p

sgs s (Sfu)\P C (S/,M/)\P’ "noon
transitivity: = (s, C (s, "
y { (S/aﬂl)\P’ C (SN’,U/”)\P” ( M)\P ( 12 )\P
composition: { s,uhp C (5", )\ pr = (s,u)\(pup) E (8", W)\ (prup)
s, C S/, ’ ,
complementary: { 531 ﬁ)]\f C (&1 = (s,n) Eipy (s's00))
- s, 1) Cip (8,1
restriction: { ggl E)P—“D (s, ) = (s,1) Egpy, (5" 1)
Figure 26. Properties about invariants
typeof ¥ = Ve.(a —c f) — (o —¢ 3)
> Vy.([a] x v = [8] x 7) = ([a] x v — [8] x v)
fixpoint = AF.letr = ref()in
letg = Az.
let f = getri
typeof f = po.(unit —fg.erqy unit) ;xfin getrin
> poe(unit X o — unit X o) let f = Ax.F gzxin
set (r, f);
loop = letr = ref() in f
letf=A0. > AFletr; = ()in
let()g.: getrn letg = A(z, 7).
gym let (f,7") = (r,r)in
set (r, f); F(@,r")in
70 let f = A(z,7).F g (x,r)in
> letry = ()in letry = fin
etf = N0, (/.72)
let (g, " ),: (r,r)in > AFletg = A(z,r).r (z,r)in
g((),r")in let f = Fgin
letres = fin (f f)
f(0,r2)
> letf = XA(),r).r ((),r)in applyrec = AF.)\z.
fQ0O, f) let f = fixpointF in
> letf=Arrrin fx
rf > AFAz.
- - - - let (f, e) = fixpointF in
Figure 24. Example: Infinite loop without recursion f(z,e)
> ARz
letg = Ay, f).f (y, f)in
Fg(z,(Fg))

Figure 25. Example: Fixpoint without recursion (Landin’s knot)
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1 Substitution

Typing and translation are preserved when extending
the context with a set of non-linear bindings As.

Lemma WEAKEN-VAL

w; (A, Ag) ot w = p (AL Ay, As) o T w

Lemma WEAKEN-TRM

py (AL ) -t x> u = gy (A A, T3) It x> ow

Proof. Trivial by mutual induction. 0

Typing is preserved through substitution of a value x of
non-linear value type 7 by a value v; of corresponding
type. Futhermore, substitution in the source language
is reflected by a substitution in the translated program.

Lemma SUBST-VAL

W Ay F oo > owy
wy (A, xom, Do) B og @ > w
=
{ 1 (A1, Ag) B ([x = vi]vg) @ > ([r — wi]wy)

Lemma SUBST-TRM
u;All—vlzﬁbwl
Jv (Al,l’:Tl,FQ) “_tX|> u
=
{ (AL Do) I ([z = wi]t) : x > ([2 = wi]u)

Proof. By mutual induction. Non-trivial cases:

— (Case VAR: use WEAKEN-VAL if the variable involved happens to be
the variable substitued.



— Case SUB: the coercion is a closed term and thus is not affected by
substitution.

— Case *-INTRO: the variable which is being substituted must be distinct
from which is framed, since they are bound to objects of different kinds.
Thus, it suffices to apply the IH.

— Case *-ELIM: the binding deconstructed is a conjunction, thereafter it
is not a value type and cannot be the binding being substituted. Thus,
it suffices to apply the ITH. O

Beta-reduction of an abstraction (Az.t) of type (x — /)
onto a value v of type x is sound.

Lemma SUBST-OUT

pra, (@ox) Bty >ou
a; P Ew

I P,
s; s o PE (Jr —o)t) X > o
([ — w]u) —* o
(Svlu)\P C (SHU’/)\P'

Proof. The statement is strengthened for the induction in the next lemma.[]

Lemma SUBST-OUT-INDUCTION

ud (x:x), (xp:Ch)y ooy (1 CY) It X' > u
@P):vszw
- Ci /P> w (i€1l.n)

n

& S
==

=
3 P,
s;psa; P|E (v —olt) - X >/
(11 — wi] ... [z, — wy] [ — w]u —* W
(S"u')\(wiel“npi WP) L (S,M/)\p/



Proof. By induction on the typing derivation of ¢.

» (Case: VAL

0) For this rule to be applicable, n must be 0, x must be a value type
(call it ), x’ must also be a value type (call it /), ¢ must be a value (call
it v;) and its translation u as well (call it w,). The typing derivation is

wa, (x:m) F oy > owy
1) By inversion on the typing of v (rule oUT-VAL), P = ) and
p; v > ow
2) By lemma SUBST-VAL applied to the result of (0) and (1),
pya b (x—=vw) @ > (z— ww,)
3) By rule EXE-VAL, it follows:
s 1@ 0 = ([r = olv) - me > ([0 — w]w,)
4) Conclude with ¢/ = g and P’ = () and v’ = ([x — w]w,,).
» Case: APP
0) The typing derivation ends with:
wa, AE v (x)— X)) > w w @, (z:x) IF 0 x) > uy
i a, (x:x) IF (v1te) + X' > (ugug)

APP

where A stands for the binding (x : 7) if x is of the form 7, or is the empty
environment binding otherwise.
1) If A is not empty, by lemma SUBST-VAL it follows:

walE ([z = vlv) 2 (X —xX) > (Jxr = wlw)

Otherwise A is empty and this same result is immediate because z is fresh
from v; and u.

By TERMINATION applied to the first premise,

2) By induction on the above, there exists p” and wj such that

ak (o —o]u) s (g —X) > ow



3) By induction hypothesis applied to the typing of ¢, there exists u/, P’
and v’ such that

s; i & PP l= ([ — o] t) © X' > g
Ty — wy] .. T, = wy] [T — w]ug —F U
(37M//>\(®ie1..nPi wpr) & (87:“,)\13’
4) Let v = (w; u}). Rule EXE-APP is used to build the following conclu-
sion:
s; s a; PPE ([r— 0] (vity)) : X' > o
Its first premise is the conclusion of:

STABLE-VAL
pf S phak (p—ofe) s (= X) > o
piat ([r—vv) s (= x) > w

and its second premise is the derivation for ([ — v]t3) obtained in (3).
5) The evolution of state is obtained by transitivity.
6) The reduction sequence in the target language is:

([r = w] (w1 u2)) = (([r = w]w) ([r — wug)) —" (wyuy) =o'

» (Case: SUB

Apply induction hypothesis, use the fact that a coercion is a closed value
thus is not affected by substitution, and conclude using EXE-SUB.

» Case: *-INTRO

0) Without loss of generality, assume C is being framed out. Then u
must be of the form (uy,z;) and x’ must be of the form (y} x C7). The
typing derivation ends with

wi a, (2 x), (T Cr),y ooy (22 Co) IHE 2 X > wg
B @)y (@ O @1 O F £ (G Cl) B (unan)

FRAME

1) By induction hypothesis, there exists x4/, P” and u) such that:

s; s a; P E ([x—o)t) - X > o
[T — wol ... |1, — wy] [r — w]u;, —* U}
(S’/’L)\(Lﬂielnpiwp) C (87MI)\P"

4



2) Now let P' = (P"W Py) and u' = (uf, wy).
3) The typing derivation of the conclusion is built using EXE-FRAME:

pE
sy CyLZLP > w
s; s a; PPET x> o s; ' CLZL P> w
Wi (PO R [ £ =0 & ()

4) The reduction sequence of the conclusion is obtained as follows:

STABLE-CAP

EXE-FRAME

[x7 — wi] ... (2, — wy] [t — w]u
= (21 — wy] .. [T, — wy) [r — w] (ug, 21)
—  (([xg = wa] ... [y — wy] [r — w]uy),wy) since z1 # uy
—" (uj,w) by TH

5) For evolution of the state, it suffices to verify that:

(57/’[’)\(&Ji€2..npiwp) - (S,/L/)\PH
= (87/’1’)\(Lﬂi62“npil~ﬂp|~ﬂpl) C (S7N,)\(P”&JP1)

The conclusion then follows from the equalities:

(Wicr.n P W P) = (Wico , P, W PW P)) and P = (P"wP,)

» Case: *-ELIM

* Sub-case: Elimination of a conjunction of a computation type and
a capability

0) In this case, y must be of the form y; *x C,41 and u must be of the
form (let (z,z,41) = xinuy). The typing derivation ends with:

w @ (2 x1), (Tnar i Cngt)y (X0 2 Cr)y ooy (1 :C1) IE &2 X > oy

1) By inversion on the typing of v, since only rule OUT-FRAME applies,
it follows the decompositions of P as Py W P, and of w as (wy,w,+1) and

s; ;@ PLE v x> ow
s; p b Chyr £ Poyr B Wy

5



2) By induction hypothesis, there exists p/, P" and «’ such that

s;i o Pl ([x —olt) « X' >
(Sau)\(wiel.4n+1P¢ WPr) E (S,Ml)\Pl

3) The derivation for v’ is:

(21 — wy] ... (2, — wy] [t — w]u
= [x1 — wy] .. [T — wy] [r — (w1, wey)] (et (2, 2p101) = xinw)
— [y —wn] X o ws] [Tag — W] [T — wi] wy
—* by TH

4) And the evolution of the state is already proved, since:

(Wicr. nt1B) WP = (Wic1.nB) W (P WP) = (Wicr.nFP) WP

* Sub-case: Elimination of a conjunction of a two capabilities

0) Without loss of generality, we can assume C,, is the conjunction elim-
inated. Thus C,, must be of the form C,,; * C,» and u must be of the form
(let (xp1, Tp2) = T, inwu;) and we have

wi @, (2 x1)y (T 0 Cua)(@n1 : Chi), (o1 i Crzt)y ooy (12 Ch) IE E X > g

1) By inversion on the typing of C,, (rule CAP-%-INTRO), P,, decomposes
as (P, W P,s) and w, decomposes as (w1, w,2) and

Saﬂl_cnlépnl > Wp1
SaMFOnEéPnQ > Wnpo

2) The conclusion follow from the induction hypothesis with similar ar-
guments as in the previous subcase.

» (Case: V-INTRO-TRM

0) In this case, x’ is of the form Va.7" and the following proposition holds:
wa, (x:x), (T, :C), ooy (11 :CL)ya -t 7 >
1) By commutativity of bindings, the judgment can be rewritten into:

w; (@, ), (x:x), (2, :CL), ..., (x1:C)) IFt: 7 >u

6



2) By the induction hypothesis, we obtain the reduction sequence on
u' and the assumption on the evolution of the state, as well as a typing
derivation for ([x — v]t) which we can use to build the typing conclusion:

EXE-V-INTRO

t)
Wi (@, 0) Pl (= olt) 7 o
ca; P E (v —v]t) : Var') > u

/

» Case: V-ELIM-TRM
Apply the induction hypothesis, conclude using EXE-V-ELIM.

» Case: 3-INTRO-TRM
Apply the induction hypothesis, conclude using EXE-3F-INTRO.

» Case: F3-ELIM-TRM
0) In this case x must be of the form Ja.x; and the following holds:

22 (O_éa Oé), (I:X1)7 (xn:Cn)v"w(xl:CI) = ¢ X/ > u

1) By inversion on the typing of v, since only rule OUT-I-INTRO applies,
there exists o such that:

s;ipya; P Ev: ([a—oxi) > w
2) By type substitution from « to o in judgments (TYP-SUBST), if follows:
w @, (x:fa—olx1), (X, :Cp), ..., (x1:C) IFt: X > w

3) The rest follows from the induction hypothesis.

Substitution of a type variable by a type entity of the
corresponding kind preserves all judgments.

Lemma TYP-SUBST For any judgment J of n entities ey ... e,,

QR
e: K = J(la—oley,...,[a— 0]ey,)
J(el,...,en)

Proof. By mutual induction on all judgments.



2 Stability

Typing and translation of programs are preserved when
regions grow from g to p' (written p C p).

Lemma STABLE-VAL
wAFv:T>w ,
0 C = W AFov:iTD>wWw

Lemma STABLE-TRM

w, DIt x > u . '
{MENI = Wi DIEt: x> u
Proof. By mutual induction. Non-trivial cases:

— Case SNG: p/[o] = plo] follows from p C g/

— Case RGN: p/[p][k] = p[p][k] follows from p T 1. O

Typing and translation of a capability are preserved
when the piece of state controlled by this capability is
not modified, and under the condition that all regions
can only grow.

Lemma STABLE-CAP
{ sspHCZLPD>w
(s;p) Ep (s, 1)
Lemma STABLE-MEM
{S;MI—U:QAPDU)
(s,1) Typ (8", 1)

= sy FCZLPD>w

= sy kFv:0/ZP>w

Proof. By mutual induction. Non-trivial cases:
— Case MEM-LOC: s'[l] = s[l] follows from sp C s'|p and [ € P.
— Case CAP-SNG: p'[o] = plo] follows from u C p/ and o € P.
— Case CAP-GRP: 1/'[p] = p[p] follows from pp C p'\p and p € P.

— (Case CAP-GRP-FOCUSED: use y'[o] = u[o] and p/[p] = ulp], as above.
U



3 Subtyping

There is a correspondance between the typing judgment
for values and the typing judgment for values covered
by capabilities when restricted to value types.

Lemma MEM-TO-VAL

ssptFv:TZ0>w = wIkov:T>w

Proof. By induction.

— (Case MEM-VAL: the premise of the rule gives the conclusion.
— Case MEM-LOC and MEM-*-INTRO: impossible (7 is non-linear).

— Other cases: apply the induction hypotheses and conclude using the
corresponding typing rule for values (INJ, PAIR, REC or F-INTRO-VAL).
O

Subtyping is admissible on closed values. Thus, sub-
typing operations can be eliminated from derivations.
Moreover, coercions that translate subtyping operations
transform target-language values accordingly.

Lemma REDUCE-SUB-VAL

< Tm>w I (wwy) —T w)
w; & F oo > owy Pl matov: > w

Proof. This statement is strengthened for the induction, as stated in the
next lemma. O

Definition We write REDUCE-SUB-VAL(Ty, 7o, w,v) if the previous lemma
holds for these parameters. o

Definition The relation v' < v holds whenever v' is a value smaller from a
structural point of view than v. o



Lemma REDUCE-SUB-VAL-INDUCTION

D 1 < T > w
Vo' <o, V(rf < 75> w') € X, REDUCE-SUB-VAL(TY, 75, 0w, v')
Wy a kv > ow
= Juwi,
{ (wwy) — wj
Wy @ v > owh

Proof. By induction on the typing derivation of v. We consider the possible
combination of (1) a typing rule that assigns type 71 to value v and (2) a
subtyping rule of the form 71 < 7.

— Case Any rule, SUB-REFL: by assumption.

— Case Any rule, SUB-TOP: apply rule TOP.

— Case Any rule, SUB-BOT: impossible, because there is no rule that
can be used to assign type L to a value.

— Case FIX, SUB-ARROW: v is of the form (pf.Az.t), and x is an arrow
of the form (y; — x2). The typing derivation is:

A f:lxi—xe),z:xalFt: xa> u
A (ufixt) @ (x1— x2) > (ufdz.u)

FIX

We construct a typing derivation to give value v the type (x} — x%) as
follows (the translation component is left implicit):

a filxi—=x2),v:ixa lFt:xe
— ; SUB-LEFT
a,fi(X1—>X2)a$3X1 It xo SUB
a f:(xi—x2),z:xi IFt:xe
— ; - ; — SUB-LEFT
a fg—xe), v Xy IFt X

— - - FIX

a b (pfixt) : (x] — x5)

— Case PAIR,SUB-PROD: Apply the induction hypothesis for each com-
ponent, and conclude using rule PAIR.

10



— Case suM, SUB-SUM: Apply the induction hypothesis, and conclude
using rule SUM.

— Case F-INTRO-VAL, SUB-3: Apply the induction hypothesis and con-
clude using 3-INTRO-VAL.

— Case V-INTRO-VAL, SUB-Y: Apply the induction hypothesis and con-
clude using V-INTRO-VAL.

— Case Any rule, SUB-HYP: (11 < 7 > w) € X, so by hypothesis
SUB-REDUCE-VAL holds and this suffices to conclude.

— Case REC, SUB-REC-LEFT: The conclusion comes directly from the
induction hypothesis. Applying the induction hypothesis is correct be-
cause the reasoning goes by induction on v and the conclusion will only
be reused on strict subterms of v. (This is true because the recursive
type is constructive.)

— Case Any rule, SUB-REC-RIGHT: Apply the induction hypothesis,
valid for the same reason as above. Then conclude using rule REC.

U

Lemma REDUCE-SUB-MEM

(wwy) —T wh
= ' P'wy,  s;putv:by L P > w

{ 01 S 92 > w
(&M)\P L (57/1’/)\13'

s;pubFv:b0 LP > w

Lemma REDUCE-SUB-CAP

(wwy) —T w)
= Ju' Plwy, s,,u’l—C’QéP’Dw2

{ Cl < 02 > w
87/1’) = (5’”)\13’

s;ukECiZP D> w

Proof. By mutual induction. Formally, the proposition should be first
strengthened as for the proof of REDUCE-SUB-VAL in order to deal with
recursive types. Yet since dealing with the subtyping context brings no fur-
ther difficulty, the details are omitted here to avoid being distracted from the
main matter.

11



— Case Any rule, SUB-REFL: by assumption.
— Case Any rule, SUB-TOP: apply rule TOP.

— Case MEM-VAL, Any rule: take i/ = u and P’ = P then apply lemma
REDUCE-SUB-VAL and conclude with rule MEM-VAL.

— Case MEM-LOC, SUB-REF: Apply the induction hypothesis, and con-
clude using rule MEM-LOC.

— Case MEM-INJ, SUB-SUM: Apply the induction hypothesis, and con-
clude using rule MEM-INJ.

— Case MEM-PAIR, SUB-PROD: Apply the induction hypothesis, and
conclude using rule MEM-PAIR.

— Case MEM-3-INTRO, SUB-3: Apply the induction hypothesis and con-
clude using MEM-3-INTRO.

— Case MEM-*-INTRO, SUB-*: Apply the induction hypothesis on the
first branch, then on the second branch, and conclude by transitivity of
evolution and using rule MEM-%-INTRO.

— Case CAP-I-INTRO, SUB-J: Apply the induction hypothesis and con-
clude using CAP-3-INTRO.

— Case CAP-*-INTRO, SUB-*: Apply the induction hypothesis on the
first branch, then on the second branch, and conclude by transitivity of
evolution and using rule CAP-*-INTRO.

— Case CAP-SNG, SUB-SNG: Apply the induction hypothesis and con-
clude using CAP-SNG.

— Case CAP-GRP, SUB-GRP: Apply the induction hypothesis and con-
clude using CAP-GRP.

Moreover, we prove the subtyping axioms admissible.

— Case FREE: take i/ = and P’ = () and conclude using CAP-EMPTY.

— Case FOCUS-REF: by inversion (rules CAP-SNG and MEM-REF), P
corresponds to the ownership of singleton region o, of the location [
and of the value v = s[l] at type 6. We let u/ = pW [0y — 0] for a fresh
region oy and P’ = P. The conclusion is built using rules CAP-3-INTRO,
CAP-*-INTRO, CAP-SNG and MEM-REF.

12



— (Case FOCUS-PAIR: similar.
— Case FOCUS-SUM: similar.

— Case NEW-GRP: ' extends p by binding fresh names p; to empty
maps. P’ extends P with that set of region names.

In the remaining rules, capabilities are only rearranged, so we can take
@ =pand PP = P.

— Case UNFOCUS-RGN: Use facts obtained by inversion (rules CAP-SNG
and CAP-GRP-FOCUSED) to build the conclusion using CAP-GRP.

— Case 3-EMBED: by inversion (rules CAP-SNG then MEM-3-INTRO) and
conclude with CAP-SNG then CAP-3-INTRO.

— Case »-EMBED: by inversion (rules CAP-SNG then MEM-#-INTRO) and
conclude with CAP-SNG then CAP-*-INTRO.

— Administrative rules: trivial. O

Lemma REDUCE-SUB-OUT

X1 < X2 B> ow
s; ;@ P Ewv x> o
=
3y’ P wj,
(wwy) —T wh
s; s a; PP E v xe D owy
(s, uhp E (5,1 )0\pr

Proof. By induction on the subtyping derivation.
— If x1 and xo are value types, use lemma REDUCE-SUB-VAL (and by
inversion obtain a typing judgment for the value v viewed as a value).

— Case SUB-J-INTRO: by inversion the typing of v must end with rule
OoUT-3-INTRO. Then apply the induction hypothesis, and conclude with
OUT-3-INTRO.

13



— Case SUB-*-INTRO: by inversion the typing of v must end with rule
OUT-*-INTRO. For the left branch use the induction hypothesis, then
for the right branch use REDUCE-SUB-CAP. Conclude by transitivity,
and using rule OUT-*-INTRO.

— (Case SUB-REFL: by assumption.

— Case SNG-CREATE: by assumption, v has type 7. Let p/ = p[o — 0]
for a fresh singleton region o. Let P’ = (P W o). Conclude using rules
SNG, OUT-*-INTRO and OUT-3-INTRO.

— Case SNG-EXTRACT: by inversion, v has type [o], and region o con-
tains a single value of type 7. Thus v admits type 7, by lemma MEM-
TO-VAL. Conclude taking ' = p and P’ = P.

— Case ADOPT-GRP: by inversion, v has type o, and region ¢ contains
a single value of type 6. Let m = pu[p], let k be the smallest unused key
in m, let m" = mW [k +— v] and then p/ = p[p — €']. Take P’ = P and
type-check the conclusion using rule CAP-GRP.

— Case FOCUS-GRP: by inversion, v has type p and so by rule GRP there
exists k such that v = p[p][k]. Let y/ = pW[o +— v] for a fresh singleton
region o. Let P’ = P. Result is type-checked using rules SNG and
FOCUSED.

— Administrative rules: trivial. O

4 Reduction

A well-typed application of a value vy to another value vy
reduces to a term t’. Furthermore, typing is preserved,
and the reduction step is simulated by a reduction step
in the translated program.

14



Lemma REDUCTION

(vivg) /s —t' ] &
w; (@, ag) F vy o (Vag.x1 — xa) > wy
s; p; ay; P vy o (G — 09][as — 03] x1 > wy
=
Ju' P,
(wy wy) — v/
sy an PE Tt [ag — 0glas — 03] x2 > W
(Svlub)\P C (Slvﬂl)\P’
Proof. By induction on the typing derivation of v;.

» (Case: BETA

0) In this case, as is empty, vy is of the form (pf.Az.t;) and ¢’ of the form
[f — vi][r — vo]t1 and wy is of the form (uf.A\x.uy) and s’ = s. The body
of the function is typed as follows:

s (@, @), fo(xn = x2), zixa bt xe B> w
1) By type substitution (TYP-SUBST) in the above judgment:
p; an, [ olae — 0o (o = x2), 1 [a — 0o] xa Ikt [ — 2] X2 > wy
2) By TYP-SUBST applied to the typing assumption on v;:
p; on = ovp o ([Gg — 09) X1 =[Gy — 02] Xx2) D> wy
3) By SUBST-TRM applied to (1) and (2):
Wy aq, 0 ag — 09 x1 I [f — ui]ty  [ag — 0a] x2 D [f — wi]wy
4) Now by the typing assumption on vy:
s; s ar; P E vy 1 [ag — 09 x1 D> wy
5) By suBST-0OUT on (3) and (4), there exists 1/, P" and u’ such that:

s; s ;P o — wllf > wlt:[6e — o] xe > W
[t — wo|[f — wi]uy —*
(s,ih\p E (5,1 )0\p
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6) This suffices to conclude, since

(wywa) = ((uf Azur) we) — [f — wi][r — wo] ug —* W/

» Case: REF

0) In this case, the function v; is ref, and wy = (Az. ((),z)). The argument
vg has a type of the form 7 and is translated as ws. Moreover, there exists a
fresh location [ such that s’ = sW [l — wvy] and ¢’ = [.

1) By inversion on the typing of v, (rule OUT-VAL), P = () and:

w, D v 7> w

2) Let o be a fresh singleton region and let ¢ = p W [0 — []. Let
P = ({l}W{o}). And let v’ = ((), w2).

3) The reduction (w;ws) — ' is satified. The relation (s,p)\p C
(s', ' )\pr holds. The typing derivation for the output term is:

C W ;0 - T >
p=r _# Y27 2 W STABLE-VAL

MEM-VAL

MEM-LOC
CAP-SNG
EXE-FRAME
EXE-3J-INTRO

/L'; DFEov:7D>w
s F (sl =wv2) : T LD > wa
RGN siu F (Wol=1) :refr L{I} > wa
S OE W=D W50 554 F {oxetr) Z({} 9 {o}) b ws
S i (W9 {on) I 1 (ol * {o s xofr}) & (0,w3)
T (9D [ L o]+ {o xefrd) & (0),w2)

» Case: GET

1) By inversion on the typing of vy (only rules OUT-FRAME then OUT-VAL
can apply), and then by inversion on the typing of the capability {o : refr}
(only rules CAP-SNG then MEM-LOC can apply), and then applying the MEM-
TO-VAL lemma, we obtain a typing judgment for the value contained in the
store at the location being read. The value ws; must be a pair of the form
((), wa2).

2) Let f = p, PP =P = ({{} W{o}), and let ' = (waz, was).

3) The rest follows using similar techniques as for REF.

» (Case: SET

1) As for GET, we obtain a typing judgment for the value contained in
the store at the location being read. The value ws must be a triple of the
form ((), W22, IU23)
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2) Let y/f = p, PP=P = ({{} W{o}), and let v’ = ((), wa3).
3) The rest follows using similar techniques as for REF.

» Case: PROJ!

1) By inversion on the typing of vy (one rule OUT-CONJ applies), the value
vy has type o and its translation wy is of the form ((), wy.. Moreover, the
capability {o : 7 x 02} is translated as was.

2) By inversion of vs having type o (by rules OUT-VAL then SNG), we
have ulo] = v,.

3) By inversion of the typing of this capability, u]o], which is equal to v,
has memory type 71 X 6. Thus, v, must be a pair of the form (vq1,wys) and
its translation wy. must be a pair of the form (wqy, was).

4) The reduction rule for proj' applies, and returns vs;. The translation
returns wy; which is indeed the translation of vy at type 1.

5) The function returns as well the input capability, which is translated
in the target language as a copy of the translation of the input capability.

6) To conclude, we take ' = p, P' = P, and let u' = (wa1, (wa1, wa2)).

» (Case: CASE

Similar arguments as for PROJ’.

5 Simulation

A step of reduction in a well-typed source is reflected by
one or more steps of reduction in its translation. During
this process, regions can only grow and the term cannot
affect or acquire a piece of state that it does not own.
(Variable P describes the piece of state owned.)

Lemma SIMULATION

u—"
= A P'u, < syusa P lEY: x> u

(s, uhp E (s 1)\pr

{t/s—>t’/s’

ssu;a; PlEt: x> ou
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Proof. By induction on the typing derivation of ¢.

» (Case: EXE-VAL

This case is impossible because a value is not reducible.

» Case: EXE-APP
The term ¢ is of the form (v t3) and w is of the form (w; wy). The typing
derivation ends with an instance of the EXE-APP rule.
pat v (= x)>wr s a PlEt s x > oug
s a; Pl (vitz) @ x > (wyug)

EXE-APP

There are two cases to consider, depending on whether ¢y is already a
value or not.
* Sub-case: The argument is not a value

0) The only reduction rules that applies is the ¢TX rule:

ty /s —ty /s

(it) /5 — (nity) /5

1) By induction hypothesis, there exists ¢/, P" and u} such that

u—

sy a; PlE ty o x> o
(s, uhp £ (s, 1)\ pr

2) The conclusion comes from the following derivation:

STABLE-VAL
p oy

;v (xyp — x) > owy

piabk v (yi—x) > w s a PE Gty x> oul
sty P (vity) o x > (wiug)

EXE-APP

and the corresponding reduction steps in the target language:

(wl Uz) s (wl Ulz)
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* Sub-case: The argument is a value

0) Let vy stand for the value t5. The premises of EXE-APP are:

p;a oo (xa— x) D> ow
sy a; Pl vyt x1 > ous

1) Lemma TERMINATION applied to the second proposition gives u”, P’
and wy such that:

(75) —* Wa
s’y a; P E vyt oxg > we
(87/*6)\13 C (S,M”)\P”

2) By lemma REDUCTION applied to the typing derivation of v; from step
(0) and to the typing derivation of vs from step (1), there exists p/, P’ and
u' such that:

(w1 we) —F

siuian PPIEY x> o
(S7MI/)\P” C (S/,MI)\P/

3) Conclusions are obtained as follows:

+

since u = (wy ug) —* (wywy) —* u

"IEt x> W from step (2)
NTAIV by transitivity, from steps (1) and (2)

» Case: FRAME
0) The input state is typed as

sspyas P|EE o xa > owg s b Cy L Py > wsy
s;pa; (PPWPR) |Et: (xixCy) > (ug,ws)

EXE-FRAME

1) By induction hypothesis, there exists p/, P/ and u} such that

u — T U
Y / /. /
RN RN e Pl ”: t X1 B> Uy

(37 :u)\Pl C (S/a M/)\Pl’
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2) Because (s, u)\p, E (8',1/')\p; and since Py and P, are disjoint sets:

(s,1) Cipy (s40)
3) The first conclusion is obtained by reduction under context:

u = (uy,wy) —T (u},wy) =o'

The second conclusion comes from the following typing derivation:

STABLE-CAP
/ /
(s,1) Cip, (s, 04)
s;uE Cy Z Py > wy

s;plya; PLEE x> o s;u' B Cy L Py > wy
s; o (PP Py) [l= 100 (xax Co) > (uy,we)

EXE-FRAME

The third conclusion (s, u)\(pup,) £ (8, )\ (Plwpy) 15 a direct conse-
quence of (s, u)\p, E (s, ' )\py-

» (Case: EXE-SUB

0) The input state is typed as

s;pya; PlEt: x1 > w X1 < x> w
s;p;a; PlEt: x> (wu)

EXE-SUB

1) By induction hypothesis, there exists ¢/, P" and u) such that
uy — " )
shwsa; PrEt o xa >
(s, 1P E (' t)\pr
2) Conclusions are obtained by the derivation:
sspuia; PPlEt:xya>u, x1<xb>w
s;ia PrlE b x > (wu))

EXE-SUB

and the reduction sequence:

(wur) —7 (wuy)

» Cases: EXE-3-INTRO, EXE-V-INTRO, EXE-V-ELIM

Trivial by induction hypothesis.
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When the source term has reached a value, its trans-
lation converges to a corresponding value after a finite
number of steps.

Lemma TERMINATION
u—"w
{sswaPlrv:x>u = IPw, S sspia; P lEv: x>
(s uhp T (s, W )h\pr

Proof. By induction on the typing derivation.

» Case: EXE-VAL

In this case, u is a value. Let i/ = p and P’ = P and w’ = u. The typing
derivation for v is constructed using OUT-VAL.

» Case: EXE-APP

This case is impossible because an application is not a value.

» (Case: EXE-FRAME

0) The input state is typed as

sy a; PrlE v x> s;pu b Cy L Py > wy

EXE-FRAME
s;p; s (PWPR) |Eov: (x1xCy) > (ur,ws)

1) By induction hypothesis, there exists y/, P and w; such that
U1l — w1
s;pia Pl Ev: x> ow
(Salu)\P C (S,M')\P{
2) Because (s, u)\p, T (s, 4')\p; and since P, and P, are disjoint sets:
(Svlu) E|P2 (Saul)

3) Now let p/ = 1/ and P’ = (P} W P,) and w' = (wy,ws). The reduction
sequence in the target language is given by:

u = (up,wy) —* (wy,wy) = w'
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The typing derivation for the output is built as:

STABLE-CAP
(37/0 E|P2 (s,u')
sy Cy L Py > wy

s;usa; Pl Ev: x> ow s;p B Oy Z Py > we
s; s a; (PlWP) E o (x1xC) > (wy,ws)

OUT-FRAME

The third conclusion (s, u)\(pwp,) T (8, 1')\(pwp,) is a direct consequence
of (s,ph\p E (s, 1)\p;.

» (Case: EXE-SUB

0) The input state is typed as

s;pya; PlEwv: x> ow X1 < x> w
s; s a; P lEov: x> (wu)

EXE-SUB

1) By induction hypothesis, there exists p”; P” and w; such that

U1 — w1
s;p'sa PP E v xg D ow
(5,10p T (5, 1" )\p
2) By lemma REDUCE-SUB-OUT there exists y/, P’ and w’ such that
(wwy) —* W
s;pia; PPEY: x>
(Svlu/l)\P” C ($7l~Ll>\P’
3) The reduction in the target language is
(wuy) —* (ww) — w'

the output state is typed as

s;pia; PPE: x> w
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and the inclusion (s, u)\p £ (s, it')\ps is obtained by transitivity.

» (Case: EXE-J-INTRO

Apply the induction hypothesis, and conclude using rule OUT-3-INTRO.

» (Case: EXE-V-INTRO

Apply the induction hypothesis, and conclude using rule OUT-V-INTRO.

» Case: EXE-V-ELIM
0) The typing derivation ends with:

s a; P lE v (Your) > ow

EXE-V-ELIM
s Pl v ([a—o7) > ou

1) By induction hypothesis, there exists p/, P’ and w’ such that:

u—"w
s; s a; PPlEwv: (Var) > o
(s,mhp C (s, ')\ pr

2) By inversion of typing (only rule oUT-VAL applies), P’ = () and:
Wia ko Vor) > w
3) By type substitution (TYP-SUBST), it follows:
Wiabkov: (a—o7) > uw
4) Tt remains to build the typing derivation for the output v:

piabov: (a—or) > w

OUT-VAL
sspia; 0= v (Ja—o7) > W

6 Additional Results

A program well-typed in System F is typable in the sys-
tem and its functional translation is the program itself.
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Lemma CONSERVATIVITY-OVER-F

Arp vt = AbFuw
Abrp t:7 = AlFt: 7>t

Proof. Trivial by induction on the typing derivation, and using the two

admissible rules:

proj’ 1 ™ — T —T > proj’
case : (m —7T)—=(—7)—(n+m) —7 > case

Any translated program is well-typed in System F, and
admit for type the translation of the type of its source
program.

Lemma TRANSLATION-PRESERVES-TYPING

AFv:TD>w = [A] Fp, w : [7]
F'Ft:x>u = [I'] Fr, w : [X]
s PlEt:x>u = Fpou:[x]
sspa; PEv:x>w = Fpow:[x]
sspkov:0LP>w = Fp,ow: [0]
sspukECZLPD>w = kg, w: [C]

< TD>w = Fp, w: [n] =[]
0, < 0> w = l_Fu w [[91]]—>[[92]]
Cl < CQDU) = l_Fu w HClﬂﬁ[[Cg]]
X1 < X2 B> ow = Fr,ow [xa] = [x2]

Proof. All judgments are immediate by induction. Notice that these prop-
erties hold by design of the system. 0
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